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ABSTRACT: We analyse the geometry of generic Minkowski A/ = 1, D = 4 flux compacti-
fications in string theory, the default backgrounds for string model building. In M-theory
they are the natural string theoretic extensions of Gy holonomy manifolds. In type II
theories, they extend the notion of Calabi-Yau geometry and include the class of flux back-
grounds based on generalised complex structures first considered by Grana et al. (GMPT).
Using E7(7) X R* generalised geometry we show that these compactifications are charac-
terised by an SU(7) C Ey(7) structure defining an involutive subbundle of the generalised
tangent space, and with a vanishing moment map, corresponding to the action of the dif-
feomorphism and gauge symmetries of the theory. The Kéhler potential on the space of
structures defines a natural extension of Hitchin’s G4 functional. Using this framework we
are able to count, for the first time, the massless scalar moduli of GMPT solutions in terms
of generalised geometry cohomology groups. It also provides an intriguing new perspective
on the existence of Go manifolds, suggesting possible connections to Geometrical Invariant
Theory and stability.
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1 Introduction

Supersymmetric string backgrounds play a central role in our understanding of string phe-
nomenology and the AdS/CFT correspondence. Without flux, low-energy supersymmetry
implies the internal manifold has special holonomy. For example M-theory compactified
on a Gy holonomy manifold leads to an N/ = 1 effective theory in four dimensions [1, 2].
Studying the geometric properties of Gs manifolds allows one to probe various properties
of the compactified theory, such as the moduli spaces of massless fields, particle spectra
and couplings [3—6, 6-14]. Despite several recent developments such as new constructions
of large families of examples on twisted connected sums [15], G manifolds remain far less
well understood than, for example, their Calabi-Yau counterparts [16].

String theory admits a much larger class of generic N' = 1, D = 4 backgrounds
once one allows non-trivial flux. In M-theory, this moves one away from Go holonomy and
greatly complicates conventional geometrical descriptions [17-20]. In type II theories, truly
N = 1 backgrounds necessarily have non-zero flux, and are generically not of Calabi-Yau
type (for a review see [21]). This raises several natural questions: how does one extract
the properties of the low-energy theory from the geometry of this much larger class? Do
they have an “nice” geometrical description in analogy to that of special holonomy spaces?
What tools do we have to find the number of massless moduli or construct examples? Does
incorporating them in a larger class shed any light on the nature of Go manifolds?

In this paper we will address these questions using the formalism of Eq(7) x R* gener-
alised geometry [22-25]. It was shown in [26-28] that such backgrounds define a generalised
G-structure, where the relevant group is G = SU(7) C E7(7y x RT. Furthermore, supersym-
metry for the ten- or eleven-dimensional solution was shown to be equivalent to the gen-
eralised SU(7) structure being torsion-free. This analysis provides a description of generic
N =1, D = 4 backgrounds via an invariant spinor and a generalised connection, simi-
lar to giving an SU(3)-invariant spinor and the Levi-Civita connection for a conventional
Calabi-Yau background. Conventional G-structures can also be described by giving a set of
nowhere-vanishing, G-invariant tensors together with differential conditions that constrain
the intrinsic torsion of the structure, for example in the Gg case the three-form ¢ satisfying
dy = dx @ = 0. The same is true for generalised structures and this is the analysis we will
present in this paper. This viewpoint gives an elegant geometric reinterpretation of the
supersymmetry conditions for generic flux backgrounds, providing a general formalism for
understanding moduli, and giving general expressions for the perturbative superpotential
and Kéhler potential of the four-dimensional effective theories. The geometric structures
present for generic NV = 2 compactifications have been discussed elsewhere [29-33] — this
paper can be seen as the A/ = 1 companion to those works.

In M-theory, the SU(7) generalised structures can generically be viewed as a sort of
complexification of a conventional Gg structure combining the three-form ¢ with the M-
theory gauge potential A. This is analogous to the way the symplectic structure and
NSNS two-form B combine to give a complexified Kdhler form in the A-model topological
string. Because of this complexification, the space of SU(7) structures Z admits a Kéahler
metric. Furthermore, as we will see, the Kéhler potential I on Z is a generalisation of



Hitchin’s Gy functional [34]. The supersymmetry conditions on the SU(7) structure are
of two types. First there is a involutivity condition: in direct analogy to a conventional
complex structure, the SU(7) structure defines a subbundle of the complexified generalised
tangent space that must be involutive under the generalised Lie derivative. We call this an
“exceptional complex structure”. In the special case of Go structures, it imposes dp = 0.
The second supersymmetry condition is the vanishing of a moment map, defined for the
action of generalised diffeomorphisms (that is, conventional diffeomorphisms plus form-field
gauge transformations) and in the Gy case imposes the condition d x ¢ = 0.

Interestingly, this reformulation puts the analysis of generic supersymmetric back-
grounds, and Ge structures in particular, in the same setting as many classic problems
in differential geometry: we have a complex condition (the involutivity of the subbundle)
together with an infinite-dimensional moment map. This set up appears for example in
Atiyah and Bott’s work on flat connections on Riemann surfaces [35], in the supersymmet-
ric hermitian Yang-Mills equations of Donaldson-Uhlenbeck-Yau [36-38] and the equations
of Kéhler-Einstein geometry [39-43]. In each case, the existence of solutions to the mo-
ment map equations can be reformulated in terms of an algebraic notion of stability, using
the ideas of Geometrical Invariant Theory (GIT). As we will discuss, at least formally,
something similar happens here. The generalised Hitchin functional I plays the role of the
norm functional of GIT, and in addition, the square of the moment map (the Yau func-
tional in the case of Ké&hler-Einstein metrics) is equal to the generalised Ricci scalar. In the
context of Gg structures, this complexified picture suggests a possible notion of stability
on the space of closed Go structures, the stable orbits being the ones that extremise the
generalised extension of Hitchin’s Gy functional and satisfy d x ¢ = 0.

In the type II context, the original O(d,d) version of generalised geometry of Hitchin
and Gualtieri [44, 45] “geometrises” the NSNS sector of the supergravity fluxes, giving a
unified description of the metric and B field. The connection to supergravity has already
been used to characterise D = 4, N' = 1 backgrounds in the seminal work of Grafna et
al. (GMPT) [46, 47]. The RR fluxes can be included but are not geometrised in the same
way as the NSNS sector and so the conditions do not have a simple interpretation in
terms of integrability. This has made it difficult to analyse the general properties of these
backgrounds, such as their moduli spaces. Despite this, these methods have been very
useful in finding new solutions [48-53] and investigating the AdS/CFT correspondence [54—
56]. By going to E7(7) X R* generalised geometry, all the fluxes become geometrical and
as we have mentioned the N' = 1 conditions are equivalent to a torsion-free generalised
structure [27]. Crucially, as we show, this allows us to treat the moduli of flux backgrounds
in a unified manner, as well as giving simple expressions for the corresponding low-energy
Kahler potential and superpotential. We can then re-derive known results in the Go case
as well as in a more general class we denote “type-0”. Furthermore, we can extend previous
results for GMPT backgrounds, in particular the work of Tomasiello [57], to find, for the
first time, the exact moduli of GMPT backgrounds.

Throughout our analysis we restrict ourselves to warped flux backgrounds with a four-
dimensional Minkowski factor. An important caveat is that all our backgrounds are hence
subject to the “no-go” theorems that preclude fluxes precisely when the internal space is



compact [58—-64]. Thus the spaces we discuss should be understood either as non-compact
or, if one is interested in model building, as spaces with boundaries where the sources
(branes and orientifolds) have been removed. At various points in the derivations we
make use of integrations by parts that will be valid provided we adopt suitable boundary
conditions at infinity and/or at the sources. It would be interesting to include the effects
of localised sources in the analysis, in particular to see how they might modify the naive
moduli space calculations.

The layout of the paper is as follows. In section 2 we review the notion of G-structures
and the role of involutivity and moment maps in defining conventional complex structures
and generalised complex structures in six dimensions. These give simple models for the
general analysis of SU(7) structures we then give in section 3. Section 4 shows explicitly
how Go manifolds and the solutions of GMPT fit into the general analysis. Section 5 first
shows how the involutivity and moment map conditions can be viewed as F- and D-term
supersymmetry conditions in a rewriting of the supergravity as an effective D =4, N =1
theory. It then connects our analysis to the Geometrical Invariant Theory picture and the
Go functional of Hitchin. In particular, we see that Hitchin’s extremisation is equivalent
to finding the stationary points of the norm functional, and we go on to outline the naive
connection to stability. Section 6 addresses the general moduli problem, and calculates the
moduli of generic “type-0” structures (including Gz) and the full set of moduli of GMPT
solutions. We conclude with some discussion.

2 Review of integrability, involutivity and moment maps for G-structures

We begin with a review of two examples of familiar geometric structures that appear when
describing supersymmetric backgrounds: conventional complex structures in six dimensions
and their generalised geometry extensions first introduced by Hitchin and Gualtieri [44, 45].
In each case, involutivity of an appropriate vector bundle under a bracket is equivalent to

1 We will then also discuss how the extra differential

the integrability of the structure.
conditions that promote these structures to integrable SL(3,C) and generalised Calabi-
Yau structures come from a moment map for the action of diffeomorphisms and, in the
latter case, gauge symmetries. These two examples will provide the model for how we

analyse generic four-dimensional N' = 1 flux backgrounds.

2.1 Complex structures

Let M be a six-dimensional manifold with tangent bundle T". Recall that an almost complex
structure on M is a conventional G-structure with G = GL(3,C). It is defined by a
nowhere-vanishing tensor I € I'(EndT'), with I? = —1, that allows one to decompose the
complexified tangent bundle into subbundles

TR C: = T(C:Ll@L_l, (21)

Note that we use “integrable” and “torsion-free” interchangeably. For a conventional G-structure, inte-
grable is a stronger condition: torsion-free implies the G-structure is flat to first-order, while integrable im-
plies the G-structure is locally equivalent to the flat model. See [65] for some remarks on this nomenclature.



where sections of L; have charge 4+i under the action of I, and L; ~ L_;. Typically,
Ly is written T™0 but we will use this notation to highlight the similarities to the work
in the later sections. Consider two vectors V,W € I'(L;). A standard way to define an
integrable structure is to require that the Lie bracket of two (1, 0)-vector fields gives another
(1,0)-vector field. In other words, L; is involutive under the Lie bracket

[V,W]eT(L) VYV,WeTl(L). (2.2)

Using I to project onto L it is then straightforward to show that involutivity of the bracket
is equivalent to the vanishing of the Nijenhuis tensor, or equivalently, in the language of
G-structures, the vanishing of the intrinsic torsion.
Every almost complex structure I defines a unique “canonical” line bundle U; C /\ST(E
satisfying
wQ=0 VVel(Ly), QAQ#0, (2.3)

where € is a local section of U;. If this bundle is trivial, one can introduce a refinement of
the almost complex structure by considering G = SL(3, C) structures. Each such structure
is defined by a nowhere-vanishing section Q2 € I'(U;) so that any two such structures defining
the same complex structure differ by nowhere-vanishing complex function f

Q = fQ. (2.4)

Note that, as SL(3,C) C GL(3,C), given a suitable complex three-form 2 (one stabilised by
SL(3,C)) one can construct an almost complex structure I, as described by Hitchin [66]. It
is natural then to ask the question, if we have a torsion-free GL(3, C) structure (a complex
structure), what extra condition do we need to impose to have a torsion-free SL(3,C)
structure? From the intrinsic torsion in each case, it is straightforward to see that the
GL(3, C) structure is torsion-free if

dQ=ANQ, (2.5)
for some (0, 1)-form A, while for a torsion-free SL(3, C) structure we should have
dQ = 0. (2.6)

Thus A encodes the extra intrinsic torsion components of the SL(3, C) structure.

This additional integrability condition can be viewed as the vanishing of a moment
map. One first notes that the space of SL(3, C) structures admits a natural pseudo-Kéhler
metric [66]. At a point p € M, a choice of € is equivalent to picking a point in the coset

GL(6, R)

SHERE (2.7)

Qlp € Qsreo) =
The choice of SL(3, C) structure on M thus corresponds to a section of the fibre bundle

Qsr,c) — QsLie) — M, (2.8)



that is, we can identify
space of SL(3, C) structures, Z ~ I'(Qgr,3,c))- (2.9)

This infinite-dimensional space then inherits a pseudo-Kéhler structure from the pseudo-
Kéhler structure? on the coset space (sr(3,c), with a Kahler potential given by

IC:i/ QAQ, (2.10)
M

where 2 can be viewed as a complex coordinate on the space of structures (or more precisely
as a holomorphic embedding Q: Z < T'(A3T%)). One can also restrict to the subspace of
structures that define an (integrable) complex structure, so that L is involutive,

Z ={Q e Z | I is integrable}. (2.11)

Given that the integrability condition (2.5) is holomorphic — it is independent of Q — this
space inherits a pseudo-Kéhler metric from Z with the same Kéahler potential.

Diffeomorphisms act on Z since the integrability conditions on I are diffeomorphism
invariant. Infinitesimally they define a vector field py € I'(T 2) such that

19y 0 = Ly, (2.12)

where § is the exterior (functional) derivative on Z and V € I'(T') generates the diffeomor-
phism. Clearly the Kéhler potential (2.10) is diffecomorphism invariant. Furthermore, since
Ly is independent of §, we see that diffeomorphisms also preserve the complex structure
on Z. Together this implies they preserve the Kéhler form.? Explicitly this is given by

w =100k, (2.13)

where we have decomposed § = & + @ into holomorphic and antiholomorphic derivatives.
For an arbitrary vector o € I'(T'Z) we then have

Loy 1aT = — / (1a0Q A Ly Q — LyQ A 1,69Q) = / (Lyv1a6Q A Q+ Ly QA 1,6Q)

M ) ) M (2.14)

- / 10 (Ly 62 A Q + LyQ A 6Q) = 108u(v),
M

where

w(V) = /M LyQAQ. (2.15)

defines a moment map p: Z — diff*, where diff is the Lie algebra of diffeomorphisms. It is
straightforward to check that u is equivariant.

2This metric has signature (18,2) [66].

3Note that there may be further subtleties if the integrability condition defines a null subspace within Z
or if the group action defining the moment map is null. We comment on this for the case of SU(7) structures
in section 5.3.



Given the integrability condition (2.5), we can integrate by parts, to write

V) = —wWQANANQ+ 1 (ANQ)AQ
n(V) /M< VOAAANQ+ 1y (AAQ) A ) 10
:/M(zVA—zVA)QAQ,

where we have used AAQ = AAQ = 0. The moment map vanishes for all V' € T'(T) if
and only if
A=A=0. (2.17)

In other words, we see that the vanishing of the moment map imposes the final condi-
tion (2.6) that promotes a complex structure to a torsion-free SL(3, C) structure.

Since two SL(3,C) structures that are related by a diffeomorphism are equivalent, the
moduli space of SL(3,C) structures is naturally a quotient, defined as

Mg ={Q e Z | u=0}/Diff. (2.18)

As we have seen, the Kéhler geometry on the space of structures Z is preserved by the action
of the diffeomorphism group, thus we can view the moduli space either as a symplectic
quotient by Diff or as a quotient by the complexified group

Mg = Z/Diff ~ Z/Diffc. (2.19)

Note that the complexification of the diffeomorphism group Diff¢ is not really well de-
fined. What is really meant is the complexification of the orbits, that is, if the vector
field py € F(TZA) generates the action of diffeomorphisms on the spaces of structures, we
can complexify this to also include the orbits generated by Zpy, where Z is the complex
structure on Z. Since € is a holomorphic function on Z we have

Zzpv(sQ = —lpy (I(;Q) = inV5Q =iLyQ =L+ 21(1\/14)9, (2.20)

where in the last expression we have used (2.5) and the fact that 17y Q =iy Q and 17y A =
—iay A. Thus in (2.19), up to diffeomorphisms, for each fixed complex structure, the action
of Diff¢ simply rescales  until (2.6) is satisfied and the moment map vanishes.

2.2 Generalised complex structures

Let us now review the analogous story for the generalised complex structures (GCS) of
Hitchin and Gualtieri [44, 45]. We will see again that involutivity and a moment map
characterise the integrable structures and lead to a local description of the moduli space
as a Kahler quotient.

Consider a six-dimensional manifold M with a generalised tangent bundle £ = T & T™.
This admits a natural O(6,6) structure given by the inner product

(+&y+mn) =n(x)+E(y). (2.21)

As was noted in [67], the relevant structure group for supergravity is actually O(6,6) x R
to account for the dilaton. We take all generalised vectors to be weight zero under the R™



action. Given a generalised vector V = x + & € I'(E), there is a natural generalised Lie
derivative Ly such that, acting on a generalised vector W = y 4 7,

Love(y+n) = [z, y] + Lon — 1,dE. (2.22)

This generates conventional diffeomorphisms and one-form gauge transformations,
parametrised by 2 and ¢ respectively. Its antisymmetrisation [V, W] = 3(LyW — Lw/V)
is the Courant bracket. E generates a Clifford algebra Cliff(6,6) via the inner product
above, which has a natural representation on sections ¥ of the spinor bundle S := A®*T™*
via

YU =23, U+EAT. (2.23)

The slash notation signifies the Clifford action and can be viewed as contraction with the
O(6,6) gamma matrices I'™. There is an invariant antisymmetric pairing (¥, ¥) on spinors
given by the Mukai pairing (A.1), with the property that

(U, V%) = (=V,5). (2.24)

As a representation of Spin(6,6) x Rt the spinor bundle is reducible as one can define the

analogue of Majorana-Weyl spinors?

St = poveny* g7 = Aoddpr, (2.25)

The exterior derivative gives a map d: ST — ST such that the action of the generalised
Lie derivative can be written as

Ly¥ =d(VV) + yVdv, (2.26)

for any ¥ € I'(S).
In analogy to a conventional almost complex structure, a generalised almost complex
structure J is a endomorphism J: I'(F) — I'(E) such that

Jr=-1, (JV,JV)=(V,V) YV eTl(E). (2.27)

As a generalised tensor, J is nowhere vanishing so defines reduction of the structure group
of E from O(6,6) x Rt to U(3,3) x R*. It gives a decomposition of the complexified
generalised tangent bundle

Ec=Li®L_q, (228)

where L1 has charge +i under J. Note that L; is maximally isotropic: (Li,L1) = 0.
This defines an isomorphism L¥ ~ L; = L_;. A generalised almost complex structure is
integrable if L; is involutive with respect to the generalised Lie derivative

LyW e F(Ll) YV, W € F(Ll), (229)

It was important that we take the structure group to be O(6, 6) x R, or its double cover Spin(6, 6) x R*,
here since polyforms do not form a representation of Spin(6,6) alone. It also implies the antisymmetric
pairing gives a top-form rather than a scalar. Without the R factor, one would have to take S ~ A*T* @
(det T')'/2.



which also implies Ly W = [V, W]. Using the notion of generalised intrinsic torsion intro-
duced in [27], one can show that this involution condition is equivalent to the vanishing of
the generalised intrinsic torsion of the U(3,3) x RT structure defined by 7.
Each generalised almost complex structure defines a unique pure spinor line bundle
U7 C S satisfying
Yo=0 VVel(L), (®,®) #£0, (2.30)

where ® is a local section of U7 and (-,-) is the Mukai pairing defined in (A.1). If the
pure spinor line bundle is trivial, one can choose a global nowhere-vanishing section. This
defines an SU(3, 3) or generalised Calabi-Yau (GCY) structure [44].> Two such structures
defining the same GCY structure differ by nowhere vanishing complex function f

P = fP. (2.31)

From the generalised intrinsic torsion it is straightforward to see that the corresponding
generalised complex structure is integrable if

dd = AD, (2.32)

where A € I'(L_1) acts on ® via the Clifford action. The generalised Calabi-Yau structure
is integrable if
d® =0, (2.33)

and hence A encodes the extra components of the intrinsic torsion of the SU(3, 3) structure.

As in the previous example of a complex structure, one can view the additional inte-
grability condition as the vanishing of a moment map. One first notes that the space of
SU(3, 3) structures on M admits a natural pseudo-Ké&hler metric [34, 44] — the construc-
tion follows that of the almost complex structure case. At a point p € M, a choice of ® is
equivalent to picking a point in the coset

Py € Qsyzz) = Wa (2.34)
so that an SU(3,3) structure on M corresponds to a section of the fibre bundle
Qsus,3) — Qsuas) — M. (2.35)
We can then identify
space of SU(3, 3) structures, Z ~ I'(Qsy(3 3))- (2.36)

This infinite-dimensional space inherits a pseudo-Kéhler structure from the pseudo-Kéahler
structure® on the coset space (su(3,3), with a Kéhler potential given by

K= i/M(@,@). (2.37)

5Given a GCY structure, one can recover the generalised almost complex structure by identifying L; as
the null space of ®.
This metric has signature (30,2) [29, 44].



Again ® can be viewed as a complex coordinate on the space of structures (or more precisely
as a holomorphic embedding ®: Z — I'(Sc)) and one can also restrict to the subspace of
structures that define an (integrable) generalised complex structure, so that L; is involutive,

Z ={® e Z | J is integrable}. (2.38)

The condition (2.32) is holomorphic and so Z inherits a pseudo-Kéahler metric from Z,
with the same Kéahler potential.

The group of generalised diffeomorphisms GDiff, that is diffeomorphisms and gauge
transformations, acts on Z and preserves the Kéahler structure. The action is generated by
vector fields py € F(Tﬁ) defined via the generalised Lie derivative

1py 0D = Ly ®. (2.39)

Given the Kéhler form as defined in (2.13) and an arbitrary vector o € D(T'Z), one finds

Loy 1T = — / (1060, Ly®) — (Ly®,100B) = / (Ly1a6®, ®) + (Ly®, 100%)

M ) M (2.40)

_— / (Ly®, B) = 105u(V)
M

where

p(V) = [ (Ly. ), (2.41)

defines a moment map p: Z — goiff*. Here goiff is the Lie algebra of generalised diffeo-
morphisms generated by the generalised Lie derivative.
From (2.26), the integrability condition (2.32) and (2.24) we have

u(V) = /M (Vao + ¥ ®,de) = /M(/VAcb,cb) + Vo, AD)

- - ~ ~ (2.42)
— [ A= D)2, 8) + (A~ Ao d) =2 [ (V.A- A)(@,8),
M M

where in going to the second line we have used A® = A® = 0. Thus we see the moment
map vanishes for all V if and only if A = A = 0, that is, if the SU(3,3) structure is
integrable.

Again, we consider two SU(3,3) structures that are related by a generalised diffeo-
morphism as equivalent and so the moduli space of SU(3,3) structures is a symplectic
quotient.” Since the group action preserves the Kihler structure, we can view also view
the moduli space as a quotient by the complexified group GDiff¢

Mg = Z J/GDiff ~ Z/GDiffc. (2.43)
As before, if 7 is the complex structure on z , we have
17py 0P = —1,, (Z0P) = i(2),0P) =iLy® = —L 7y P + 2i(V, A)P, (2.44)

where in the last expression we have used (2.32) and the fact that JV o ® = —i.y® and
(JV,A) =1i(V, A). Thus, up to generalised diffeomorphisms, for each fixed complex struc-
ture, the action of GDiff¢ simply rescales ® until d® = 0 and the moment map vanishes.

"As with the previous SL(3, C) structures, this can be more nuanced. We refer the reader to section 5.3
for a discussion of this for SU(7) structures.
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3 Generalised N = 1 structures

Our goal is to analyse generic Minkowski ' = 1, D = 4 flux compactifications of M-theory
and type II supergravity. In this section, we will show that they define two closely related
generalised G-structures, analogous to the GL(3,C) and SL(3,C) structures in conven-
tional geometry we have just discussed. Remarkably, we will find that the supersymmetry
conditions can be rephrased similarly as an involution condition and the vanishing of a
moment map. Conventional Go structures are of course a special case, corresponding to
a compactification of M-theory with vanishing flux, as are the general type II solutions of
GMTP [21] and both will provide useful examples of generalised N’ = 1 structures in the
following sections.

Generic N = 1, D = 4 Minkowski flux compactifications of M-theory have been
analysed using conventional geometrical techniques several years ago [17-20]. The metric
takes a warped form

ds? = e22ds?(R>!) + ds*(M), (3.1)

where M is the compactification manifold, the internal four-form flux is non-trivial and
the eleven-dimensional Killing spinors take the form

E=nN4® eA2¢C 4 - @ P2, (3.2)

where 74 are chiral spinors of Spin(3, 1) and ( is a complex Spin(7) spinor. Supersymmetry
implies (¢ is constant and there is vanishing four-form flux on the non-compact Minkowski
space. In the Go case ( is real. The analogous type II backgrounds were analysed by
GMPT [21]. In this case the two type II Killing spinors take the form

A= +n-®(,

(3.3)
=11 ®CT +n-®E,

where Cii are chiral Spin(6) spinors, and the upper and lower choices of sign refer to type ITA
and IIB respectively. One can again construct a constant-norm, eight-component spinor

(= eP/2e=9/6 (Cf_r>, (3.4)
Ca

where ¢ is the dilaton. Note that in both the M-theory and type II compactifications,
although (¢ is nowhere vanishing, the individual Spin(7) components (the real and imag-
inary parts of ¢) or Spin(6) components (the Cf) may vanish, and hence do not define
conventional (global) G-structures.

However, these backgrounds do make sense globally as generalised G-structures [23, 27].
To specify the background one needs the bosonic fields on M together with the Killing
spinor (. In exceptional generalised geometry the bosonic fields define a generalised metric
G. For example in M-theory G is equivalent to the set {A, g, A, fl} where ¢ is the seven-
dimensional metric, A is the three-form potential on M and A is the six-form potential
encoding the dual of the four-form field strength on the Minkowski space. Geometrically
G defines an SU(8)/Zy C E7(7) x RT generalised structure. The spinor ¢ then transforms
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as the 8 representation of the double cover, SU(8). The stabiliser of such a nowhere-
vanishing constant-norm element is SU(7).® In this way, we see that a supersymmetric
N =1 background defines a generalised SU(7) structure. The differential conditions on
the Killing spinor are then equivalent to the vanishing of the generalised intrinsic torsion
of the SU(7) structure [27].

3.1 SU(7) and RT x U(7) structures

Rather than defining the SU(7) structure using the pair (G, ) one can also define it directly
in terms of generalised tensors. In fact there will be two kinds of structure in Ez7) X R
that will interest us [23]:

J : stabilised by G = C* x SU(7) = R™ x U(7),

(3.5)
Y : stabilised by G = SU(7).

We will refer to J as an exceptional complex structure and v as a generalised SU(7) struc-
ture. They are stabilised by the same SU(7), but J is also invariant under an extra C*
action. This is directly analogous to the relation between an almost complex structure
in six dimensions (a GL(3,C) structure) and a complex three-form €2 (an SL(3,C) struc-
ture), or an almost generalised complex structure 7 and an almost generalised Calabi-Yau
structure .

To see how these structures are defined, for definiteness consider the M-theory case.
Recall that the generalised tangent space is given by

E~Ta®NT & N\NT @ (T* @ AT,
V=v+wto+r,

(3.6)

where V' € I'(E) and E transforms in the 561 of E7;y x RT. Here the bold subscript
denotes the R™ weight, normalised so that the determinant bundle det T* has weight 2.
We will occasionally denote the components of a generalised vector explicitly as V™, where
M =1,...56. One can then define [32] two E7(7y-invariant maps

s: N2E = detT*,  q: S*E — (det T%)?, (3.7)

namely the symplectic invariant s and symmetric quartic invariant q. We will also need
the adjoint bundle

adF ~R@(TRT*) @ NT @ N3T* @ \ST @ A°T%, (3.8)

transforming in Lie algebra representation 133g @ 1¢, as well as a bundle K, given for
example in [24], which contains the torsion of a generalised connection and transforms in
the 912_; representation. We also recall that the generalised Lie derivative [23, 24|, or
Dorfman bracket, generates infinitesimal diffeomorphisms and gauge transformations and
takes the form

Lya = Lya — (dw + do) - a, (3.9)

8This is analogous to a nowhere-vanishing Spin(6) ~ SU(4) spinor being stabilised by SU(3).
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when acting on a arbitrary generalised tensor «, where L is the conventional Lie derivative,
dw and do are regarded as sections of ad F' and - denotes the adjoint action. In the
following it will also be useful to use the “twisted” generalised Lie derivative defined for
A€ T(A*T*M and A € T(AST*M) via (see for example [32, appendix D])

L€+Fa = e_A_ALeAH;.V (eA+A . a)

_ (3.10)
=Lya— (dw—1,F+do— 1, F +wAF)-a,

where F = dA and F = dA — %A A F. Given a generalised connection D we can define the
generalised torsion T': T'(E) — I'(ad F) via [67]

Lya=LPa-T(V) a, (3.11)

where
LYa=Dya— (D xaqV)-a, (3.12)

where X,q is a projection xX,q: F* ® EF — ad F and Dy = VMD,, is the generalised
derivative along V. One finds that this definition implies the torsion actually lies in K &
E*CE*®adF.

Let us turn first to defining the structure J. Recall that, at a point on the manifold, the
generalised metric defines an SU(8)/Zz subgroup of Er(7) x R*, and the spinor ¢ defines an
SU(7) subgroup of SU(8). There is a U(1) C SU(8)/Zy that commutes with this SU(7) sub-
group. It is generated by an element of the sug Lie algebra conjugate to the diagonal matrix

a = diag(~1/2,~1/2,...,7/2) € sus C ez B R. (3.13)

The normalisation is chosen so that exp(if.J) with 0 < 6 < 27 generates a U(1) subgroup of
SU(8)/Zs. Note that the commutant of this U(1) is an R x U(7) subgroup of E77) x RT.
Globally the U(1) at each point will be generated by a section of the adjoint bundle
J € T'(ad F) that is conjugate to o at each point. This leads us to the definition:

Definition. A generalised R™ x U(7) structure or almost exceptional complex structure is a
section J € I'(ad F') that is conjugate at each point p € M to the element o € sug C e7(7)®OR
given in (3.13).

Since the maximal compact subgroup SU(8)/Zs C E(7) and the maximal torus of SU(8)
are each unique up to conjugation, every reduction of the structure group of E to
R* x U(7) should be included in the definition. Furthermore all such structures will be
related by local E77y x R* transformations. Hence, as discussed in [23], the choice of J
does not fill out all of the 133 representation space but instead lies within a particular
orbit. Concretely, decomposing Er(7) using explicit SU(8) indices (see [23] or [25]) we have

133 =63 70 > (1”3, tasys) (3.14)

and we can write J using the spinor ( as

1
J% =4¢“Cs — 5((4)5%’7 Japys =0, (3.15)
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where we have normalised (¢ = 1. For completeness, we note that further decomposing
under SU(7) x U(1) we have

133 =19 ® 480 ® (74 ® 74) ® (352 B 35 ) (3.16)

where now the subscripts denote the U(1) charge, and J lies in the singlet 1y representation.
Given J, in analogy with a conventional almost complex structure, we can use it to

decompose the complexified generalised tangent space. Under the adjoint action of J on

sections of the generalised tangent bundle, decomposing under SU(7) x U(1), we find

E(c = Lg@Lfl @Ll @L737

S (3.17)
560 =73 +21_1+ 21+ 7_3.

Thus we get four rather than two subbundles, with L_g ~ Lsand L_; ~ Ly. As we will
see, Lz will play the analogue of the role of 7% in conventional complex geometry. As
such, this leads to the alternative definition

Definition. An almost exceptional complex structure is a subbundle Ls C E¢ such that
i) dimg L3 =7,

L3 XNL3:0,

ii)
iii) LyN L3 = {0},
)

iv) The map h: Lz x Lz — (det T*)c defined by h(V, W) =is(V,W) is a definite hermi-
tian inner product valued in det T,

where Xy: E X E — N, with N the generalised tensor bundle transforming in the 1335
representation, is an Eq(7) x RT covariant map given in [24]. In analogy with the generalised
complex structure case we call a subbundle L3 satisfying the first two conditions a (complez)
exceptional polarisation.

Note that the (complex) stabiliser groups in E7c of all exceptional polarisations are
isomorphic. However the corresponding real stabiliser groups in Eg(7) X R* can differ.
In particular, only almost exceptional complex structures are stabilised by a subgroup
U(?) x Rt C E7(7) x RT.

We now turn to the SU(7) structure 1. Decomposing the 912 representation under
SU(?) X U(l) - SU(8)/ZQ C E7(7), we find

912 =36 © 420 P c.c,

3.18
=1 ®73P28_1921_1P35_5F 1403 ® 224_; P c.c. ( )

where the subscript denotes the U(1) charge. Consider the generalised tensor bundle trans-
forming in the 9123 representation of Ez7) X R* (where the bold subscript denotes the
R™ weight; the reason for this particular choice will be discussed below)

K=(detT*)?@ K ~R® ANT* @ (T* @ N°T*) @ (S*T* @ N"T*)

(3.19)
@ (NT* QN T*) @ (NPT @ (NT) @ ...,
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where K C E* ® ad F is the torsion bundle [24]. The SU(7) singlet in the decomposi-
tion (3.18) implies that each almost exceptional complex structure J defines a unique line
bundle U; C K¢, satisfying

Vey=0 VVecI(L3), s(1,1) # 0, (3.20)

where v is a local section of Uy, the product V e is defined by the projection map E@K —
C where C is the generalised tensor bundle transforming in the 86454 representation? of
E7(7) x R, and s is the symplectic invariant on the 912 bundle K ¢ E ® F ® E induced
from the symplectic invariant on the 56 bundle F. One can equivalently define a local
section v by the condition J¢ = Tit) under the adjoint action of J. In complete analogy
with the almost complex and almost generalised complex cases we are then led to define

Definition. Given an almost exceptional complex structure J with trivial line bundle U},
a generalised SU(()7) structure is a global nowhere-vanishing section ¢ € I'(Uy).

Again we expect all generalised geometries with SU(7) structure group will arise this way,
and furthermore any two such structures will be related by a local E7(7) x R* transforma-
tion. In particular, any two generalised SU(7) structures with the same almost exceptional
complex structure J will be related by a nowhere vanishing complex function f

W = fi. (3.21)

Again [23], 1 parametrises a particular orbit in the 912 representation rather than filling
out the whole representation space. One could always write down the (non-linear) con-
ditions on ¢ (and J for that matter) which define the relevant orbits, but we have not
attempted to do so. This would give conditions that are the analogue of stability for a
three-form €2 and non-degeneracy for a two-form w. Instead, we can always write ¢ con-
cretely using the spinor ¢ and generalised metric G. Under the decomposition in (3.18) we
can write a section of K in explicit SU(8) indices [23, 25] as

k= (k% K75, Rag, Ragy’) € T(Ke). (3.22)
The SU(7) structure can then be written as
PP = A(volg)¥2¢%CP, g = 5 = Pap,’ = 0, (3.23)

where volg = e2A\/§ is the Eq(7)-invariant volume defined by the generalised metric [25, 67]
and A is a non-zero complex number.

Recall that, since SU(7) C SU(8), the generalised structure v also defines a generalised
metric and so completely specifies the supergravity background. This is analogous to a Gg
structure in conventional geometry, where the invariant three-form ¢ defines a metric. In
this way, our construction gives what one might call a “generalised Gg structure”. However
this obscures the fact that the stabiliser group is actually SU(7) and not G or Go x Gg
as might be expected, so we do not follow this convention. Later we will see that for the
example of a conventional Gg structure, the invariant three-form ¢ does indeed define both
v and J.

9Note that this representation is just the next step in the tensor hierarchy [68, 69] above 912.
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3.2 Supersymmetry and integrability

We now turn to the conditions imposed on the generalised structures ¢ and J by super-
symmetry. As shown in [27, 28, 70], the vanishing of the generalised intrinsic torsion for
the SU(7) structure is equivalent to N’ = 1 supersymmetry for the Minkowski space solu-
tion. In what follows it will be useful to consider the intrinsic torsion for both i and J
as the conditions for a torsion-free J are a subset of those for 1. This will allow us to see
that integrability for v follows from integrability for J, phrased in terms of an involution
condition plus the vanishing of a moment map for generalised diffeomorphisms, that is the
group of diffeomorphisms and form-field gauge transformations.

Following the analysis in [27, 28, 70], it is easy to show that intrinsic torsion for each
generalised structure lies in a sub-bundle of 912 torsion bundle K transforming as

Wit 1787 38211635 5 cc. (3.24)
Wil um: 17©35_5@cc (3.25)

where again, the subscript denotes that U(1) charge under the action of J. We saw earlier
how integrability of a complex structure can be recast as involutivity of eigenspaces of the
complex structure under the Lie bracket. It is thus natural to define:

Definition. A torsion-free RT x U(7) structure J or exceptional complex structure is one
satisfying involutivity of L3 under the generalised Lie derivative

LyW €T(Ls), V,W eT(Ls). (3.26)

Again in analogy with the generalised geometry case, we call the weaker case of an involutive
exceptional polarisation, an exceptional Dirac structure.

In general Ly W # — Ly V', however the definition of an exceptional polarisation implies
Lyw =[V,W] V,W e I'(Ls), (3.27)

where [V,W] = %(LVW — Ly V) is the antisymmetric Courant bracket, and in fact the
involution condition could be equally well defined using the Courant bracket as the gener-
alised Lie derivative.

To prove that involutivity is equivalent to vanishing intrinsic torsion of the R™ x U(7)
structure, we first recall that we can always find a generalised connection D that is com-
patible with the Rt x U(7) structure, so that DJ = 0, but it will not necessarily be torsion
free. Consider the definition of the torsion (3.11) with VW = « € I'(L3). Compatibility
of the connection with J ensures L‘QW € L3, so involutivity amounts to checking that
T(V)-W isin L3 only. Since the left-hand side of (3.11) does not depend on the choice of
compatible connection, only the intrinsic torsion contributes to the components of T'(V')-W
not in L3. Explicitly, the intrinsic torsion representations contribute to 7'(V)-W € I'(E) as

1 7®73®73 D21 4,

- (3.28)
35 5®T73® 73 D 21;.
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In other words, a non-zero 1_7 component of the torsion would generate a 21_1 = L_4
term in Ly W. Requiring LyW N L_y = {0} YV, W € I'(L3) thus sets the 1_7 component
of the torsion to zero. In a similar way, one sees that the 35_5 component is set to zero by
LyWnL; = {0}. One has LyWNL_3 = {0} identically just by counting the U(1) charges.

We now need to consider the remaining conditions that imply we have a torsion-free
SU(7) structure and hence an N’ = 1, D = 4 background. Comparing the representations
that appear in the intrinsic torsion for the R* x U(7) and SU(7) structures (3.24) and (3.25),
we see there must then be an additional condition that sets the 7 and 21 components of
the SU(7) intrinsic torsion to zero. As we will now show these appear as the vanishing of a
moment map g for the action of generalised diffeomorphisms on the space of 9 structures.

One first notes that the space of SU(7) structures on M admits a natural pseudo-
Kahler metric. This is a consequence of viewing the theory as a rewriting of the ten-
or eleven-dimensional theory so that only four supercharges are manifest (the analogous
situation for N/ = 2 theories was described in [29, 30, 32, 71]). In analogy to [72], the
local SO(9,1) or SO(10,1) Lorentz symmetry is broken and the four-dimensional scalar
degrees of freedom, that is the space of generalised SU(7) structures, can be packaged into
N =1, D = 4 chiral multiplets [23]. As such they must admit a Kéhler metric, albeit
infinite-dimensional. The explicit construction is as follows. At a point p € M, a choice of
1) is equivalent to picking a point in the coset

E7(7y x RF
Ylp € Qsur) = “su@m) (3.29)
so that an SU(7) structure on M corresponds to a section of the fibre bundle
Qsu(ry — Qsur) — M. (3.30)
We can then identify
space of SU(T7) structures, Z ~ I'(Qgy(7))- (3.31)

The key point is that the space Qgy(r) admits a homogeneous pseudo-Kihler metric of
signature (70, 16), picked out by supersymmetry. One first notes that the related space
E7(7/U(7) admits a homogeneous pseudo-Kéhler metric by a classic result of Borel [73,
Proposition 2]. The metric is unique up to an overall scale [74]. The space Qsu(r) can
be viewed as a complex line bundle £ over Eq(7)/U(7), with the zero section removed,
since we only have an R* action. There is then a natural one-parameter family of conical,
homogeneous Kihler metrics on Qguyr), distinguished by the relative size of the U(1) circle
relative to the E7(7)/U(7) base. The infinite-dimensional space of structures Z then inherits
a pseudo-Kahler structure from the pseudo-Kahler structure on Qgy(r). Our choice of R*
weight for ¢ picks out a particular Kéhler metric within the one-parameter family with the
explicit Kéhler potential given by

K = /M(is(qp,&))”?’, (3.32)
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where v can be viewed as a complex coordinate on the space of structures, or more precisely
as a holomorphic embedding ¢: Z — F(f((c). Given the Rt weight of the K bundle, we
need to take the 1/3-power so that the integrand in (3.32) is a section of det T and hence
can be integrated over M. A different choice of weight would have led to a different power
in K and hence a different Kéhler metric.

In analogy to the N' = 2 case described in [29, 30, 32, 71], the existence of the Kahler
structure follows from supersymmetry. As we mentioned above, one can consider rewriting
the ten- or eleven-dimensional theory so that only four supercharges are manifest. Similar
to [72], the local SO(9,1) or SO(10, 1) Lorentz symmetry is broken and the internal degrees
of freedom can be packaged into N' = 1, D = 4 chiral multiplets [23] coupled to four-
dimensional supergravity. Note that there are an infinite number of fields as no Kaluza-
Klein truncation is performed: one keeps all modes on the internal space. The scalar
degrees of freedom should hence parametrise an infinite-dimensional Kéahler space, but from
our discussion, this is just the space of generalised SU(7) structures.!® In this context,
the particular weight of 1), and hence Kéhler metric, is fixed by the four-dimensional
supersymmetry. In particular, as we will see in section 5.1, the power of 1/3 is required
for the D = 4, N/ = 1 superpotential on the space of chiral fields parametrising Z to be a
holomorphic function of .

We can write the symplectic structure corresponding to (3.32) very explicitly as follows.
Using w = 19’'0'K, we have, contracting two vectors a, § € I'(T Z) into the symplectic form,

18100 = i/M ;W (is(zaéw, 1501)) — 15(2500,24,0%) (3.33)
is(1,
B gis(zadw,@)is_(@b,w&ﬁ) L2 2i5(1560,v)1s Ezp ))
3 is(1,1) 3 is(1),9)
Note that if we define a new non-holomorphic parametrisation
R () (3:34)

which transforms in the 9121 representation, the symplectic structure takes the simple
form

151000 = —% /M(s(za&b, 1500) — 5(15660,1400)), (3.35)

that is, it is just the pull-back w = %gf)*s of the symplectic form on the space of ¢.
One can also restrict to the subspace of structures that define an (integrable) excep-
tional complex structure, so that Lg is involutive,

Z ={y € Z|J is integrable}. (3.36)

As we will show in section 5.1, the integrability condition is holomorphic as a function of

1 and so Z inherits a Kéhler metric from the one on Z , with the same Kéahler potential.
Finally we can turn to the remaining integrability conditions for the SU(7) structure.

As in our previous examples, the Kéhler structure on Z is invariant under generalised

10As we discuss below, the chiral multiplet space is strictly a C* quotient of the space of structures.
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diffeomorphisms. Infinitesimally these are generated by the generalised Lie derivative, and
parametrised by generalised vectors V € I'(E). As deformations in the space of structures,
this defines a vector field py € ['(TZ)

1oy 00 = Ly ¢, (3.37)
where for convenience we are using the non-holomorphic structure ¢. We then have
i . o . n
lpy 1™ = 5 /M (is(1a0¢, Ly @) —is(Ly ¢, 1a00))
— 3 [ (5(Lv166.6) + i5(Ly.a63)

3 (3.38)
1 _
= ad(3 [ s(0v6.9))
M
= 20&5/’6(‘/)1
where we have used compactness to integrate by parts and have defined
1 _
p(V) =3 [ s(Lvo.d)
M (3.39)

_ é /M5<va,¢><is<w,¢>>—2/3,

where in going to the second line we use [,, Ly (---) = 0. This gives a moment map f: Z—
goiff*, where, as before, goiff* is the dual of the Lie algebra of generalised diffeomorphisms.

We now want to prove that integrability of v is equivalent to the vanishing of the
moment map (3.39). Let D be a (torsionful) generalised connection compatible with the
SU(7) structure, that is Dy = 0 (and hence D¢ = 0). Using the definition of torsion (3.11),
we have

u(V) =5 [ s((L06.6) = s(T(V)6.9)

=5 | 5(Dv6.8) = 5(D xaa V)6:6) ~ s(T(V)6.9) (3.40)
=1 [ s(1(V)0,9)
M

where in moving to the last line we integrate the middle term by parts and use D¢ =
D¢ = 0. Since the definition of y is independent of any choice of connection, only the
SU(7) intrinsic torsion can contribute in the last expression. Given that the generalised
vector V' € T'(E) transforms in the 7+ 21 + c.c. representation, and ¢ is an SU(7) singlet,
Win p.
However, from (3.25) and (3.24), we see these are precisely the additional components

only the 7 + 21 + c.c. representations of the SU(7) intrinsic torsion can appear

that must be set to zero for an exceptional complex structure to be an integrable SU(7)
structure. Thus we have shown that the following definition is consistent:

" Note that there could in principle be a further kernel in the map from the intrinsic torsion to p so that
only one of the 7 and 21 representations appeared. However it is easy to show that both representations
are in fact present.
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Definition. A torsion-free generalised SU(7) structure is one where L3 is involutive and
the moment map (3.39) vanishes.

Since two SU(7) structures that are related by diffeomorphisms and gauge transfor-
mations give physically equivalent backgrounds, the moduli space of SU(7) structures is
naturally a symplectic quotient by generalised diffeomorphisms GDiff, or equivalently a
quotient by the complexified group GDiffc:

M, = ZGDiff ~ Z/GDiffc. (3.41)

Recall that the moduli space of G2 holonomy manifolds in M-theory is associated with
N =1, D = 4 chiral superfields [1, 8, 75, 76]. For a generic N' =1, D = 4 background,
supersymmetry again implies that the moduli space of integrable (torsion-free) generalised
SU(7) structures should again define fields in chiral multiplets. However, note that not all
deformations of ¥ deform the physical fields on the internal space. In particular, only those
within the coset E77) x R"/(SU(8)/Z2) are physical (deformations that change the gener-
alised metric). First note that, from the warped product form (3.1), shifts of the warp factor
A — A + ¢ for some constant ¢ can be absorbed in the four-dimensional metric. Second
note that any modulus that lies in SU(8)/SU(7) would correspond to a change of Killing
spinor ( for the same physical background. However this just implies that the background
admits a second Killing spinor and so really preserves A/ = 2 supersymmetry. The excep-
tion to this is the change of ¢ by a constant phase, that is by the U(1) generated by J, since
this too can always be reabsorbed into the four-dimensional spinors in the ansatzé (3.2)
and (3.3). Thus for honest N' =1 backgrounds we only need to consider the action of this
U(1) and the shift in A. As we note from the form of v in (3.23), shifting A simply rescales
1, in fact via the R™ action. Put together we see that the physical moduli space is given by

Moduli space of N' =1 background = M, JU(1) ~ M,,/C*,

where the C* action acts as
P — A3, (3.42)

where we have normalised the C* action to match the RT action on ¢ which implies
K — |A2K. Under the symplectic quotient, the physical moduli space has a Kéahler
potential K given by

K = —3logk. (3.43)

This is the Kahler potential that determines the metric on the moduli space of the
supergravity background. For example, in the Go case that we will discuss in section 4.1,
this reduces to the known result that the Kihler potential X = —3log [ a vol describes
the coupling of moduli in the four-dimensional effective theory, where vol is determined
by the G structure [8, 75, 76].

Note that, strictly, one should check that the kinetic terms and potentials in the
D = 4 effective theory are given by K (specifically checking that the coefficient of —3 is
correct). One check is to compare with the Gy holonomy case, as we do in the next section.
Alternatively, we can note that the quotient is simply the standard relation between the
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Kéhler geometry in superconformal supergravity [77-79], using a compensator field, and
the standard supergravity formalism where a gauge for the compensator is chosen. This
fixes the C* scaling of K and the factor of —3 comes from the standard normalisation of
the gravitational coupling constant (as reviewed for example in [80]).

4 Examples of integrable generalised SU(7) structures

We now present two classic examples of N'= 1, D = 4 backgrounds and describe how they
can be understood as integrable generalised SU(7) structures. We discuss Go backgrounds
in M-theory and N' =1 GMPT backgrounds in type II theories. In both of these cases, we
will see that involutivity of the L3 subbundle reproduces a subset of the known differential
conditions these backgrounds must satisfy. The final differential conditions come from the
vanishing of the moment map. In particular, this gives a completely new way of viewing
G2 manifolds that, intriguingly, closely mirrors the discussion of complex structures.

4.1 Gg structures in M-theory

Recall that a Gg structure is defined by a nowhere-vanishing three-form ¢ € T'(A3T* M),
which can be written in a local frame as

o = M6 _ o235 _ o5 _ 136 | 127 | (34T | 567 (4.1)

This defines a metric ¢ = e, ® e, and an orientation vol = e'7 = x1. The Hodge dual of

@ is
1234 | (1256 4 3456 | 1357 _ 1467 _ 2367 _ 2457

xp=e , (4.2)

so that @ Axp = 7vol. The structure is integrable, that is we have a Gy holonomy manifold,
if and only if
dp =dx¢ =0. (4.3)

Compactifying M-theory on a Gy holonomy manifold with A = 0 givesa N =1, D = 4
background. One can also include non-trivial three-form potential A such that dA = 0.

We would like to first identify how a Gg structure defines a generalised SU(7) structure.
Before doing so it is useful to define the notion of “type” for almost exceptional complex
structures in M-theory in an analogous way to the type of generalised complex structures
given in [45]:

Definition. The type of an almost exceptional complex structure L3z C Eg is the (complex)
codimension of its projection onto the tangent bundle T¢. That is, if 7: E — T is the anchor
map then

type L3 := codim¢ m(L3) = 7 — dimc 7(Ls). (4.4)

12

A generic'“ seven-dimensional subspace of a fibre of F will have a surjective projection

onto the tangent space T', and hence a generic exceptional complex structure is type-0. We

12Generic in the sense that the set of all seven-dimensional subspaces not of this type is measure zero in
the Grassmannian.

- 21 —



can always write such a space as
Ly =e*PTe  for a € D(A3TE), B € T(ACTE). (4.5)

This identically satisfies the first two conditions for an almost exceptional complex struc-
ture, and one gets simple constraints on the polyform a + 3 from Lz N Lz = {0} and the
requirement that is(V, W) for V,W € T'(L3) defines a definite hermitian inner product.
Note that T¢ is the simplest example of an exceptional Dirac structure (following the defi-
nition given in section 3.2), but is not an exceptional complex structure since, for example,
Tc NTc # 0. In terms of the Killing spinor ¢, viewed as a complexified Spin(7) spinor,
the requirement that the structure is type-0 is that the scalar ¢T¢ is nowhere vanishing.!'?
This is precisely the case discussed in [20] where the real and imaginary parts of ¢ have
different normalisations (and/or are non-orthogonal). The analyses in [17] and [19], on the
other hand, fix equal norms and orthogonal real spinors and so define a structure that is
strictly not type-0.

A Gy structure, embedded in generalised geometry, defines the simplest example of a
type-0 almost exceptional complex structure. Taking a = ip and § = 0, we have

L3 = %7, (4.6)

so that a section of L3 takes the form (using the “j-notation” of [24])

. 1 1. .
F@@9v+wmw—§wA%¢—guwAwA%¢ (4.7)

:v—i—izvnp—*zvgo—ivb@\/ol,

for some v € I'(T¢). The condition on is(V,W) for V,W & T'(L3) is equivalent to the
weighted metric

g(v, w) =P ANy A @ (4'8)

being positive definite for v,w € I'(T'). However, this is just the condition that ¢ is a
(positive) stable form in the sense of Hitchin [66]. (It also implies L3 N Ly = {0}.) The
RT x U(7) structure J is given by

J =t -0, (4.9)

where ¢ is obtained from ¢ by raising its indices using the inverse metric ¢g~! defined by
. One can check that this satisfies JLs = 3iLs using the action of the 133 on the 56
given in [24, appendix C].

We now turn to the integrability condition on J. Involutivity of Lj is simple to show
using the properties of the generalised Lie derivative. Writing generic sections of L3 as
V = e¥v and W = el?w, given two vectors v, w € I'(T¢), we then have

id<p+%t,o/\dap

) . : 1
LyW = Lo, (e'Pw) = e¥ Ly w = ew([v, W]+ 2ty (i de + 3% A dgp)), (4.10)

13Note that this condition involves ¢T¢ and not (¢, which is what defines the SU(7) structure (see
below (3.2)). Given that ¢ is of the form (3.23), this condition amounts to requiring that the 1 € R
component of v is non-vanishing.

- 29 —



where we have used the twisted generalised Lie derivative (3.10). The second term must
vanish for the right-hand side to be a section of Lg only. As this is defined for arbitrary v
and w, the bundle L3 is involutive on L3 if and only if we have a closed G structure

involutivity of Ls : de = 0. (4.11)

This condition is weaker than a torsion-free Gy structure (which requires dx¢ = 0 as well).
A theorem due to Bryant states that, like symplectic structures, all closed Gy structures
are equivalent, taking a standard form in a local patch [65].

Now we examine the moment map for this example. To do so, we first need to define
the SU(7) structure 1. Recall that v is a section of

K~RNT* @ (T @ NT*) @ (S?°T* @ A'T)

(4.12)
® (N3T* @ NOT*) @ (N3 T @ (N'TH) @ ...,

and also that V e = 0 for all V € T'(L3). Since R is the lowest degree term in K, we
note that, taking 1 € I'(K), we must have v e 1 = 0 for any vector v € I'(T¢) viewed as a
section of I'(E¢). Since Lg = e¥T we see this means we can construct 1 as

=¥ 1, (4.13)

where the exponential acts on 1 € R via the adjoint action. The components of 1 have the
form

ww(lv()paj()p/\@?gv"‘)' (414)

Recall that s(v,1)) € T'((det T*)3), so it has 3 x 7 = 21 indices. Given that ¢ € T(A3T*),
it hence must be degree 7 in ¢, meaning the Kéahler potential (3.32) is degree 7/3. This
is precisely the same scaling as the Gy Hitchin functional [34, 81] so that, up to an overall
constant, we must have

K= / (is(v,v)) 1/30</ © A\ *xp. (4.15)

One can check this is indeed the case by an explicit calculation. Using the twisted gen-
eralised Lie derivative and invariance of the symplectic form under a complexified E7
transformation, we can then calculate the moment map (3.39)

— ;,/ S(Lv(ei%" 1),e7% 1)(15(%@)_2/3
B ;/ ( 1@L1dg10¢+‘/290/\d§01 —ip 1)(1 S(wy 7/_]))72/3 (4‘16)
-1 / 1d<f;+v2<md<p1 29 1) (i s, ) "3,

As 7% has no kernel, we can relabel e ¥V — V to give

p(EV) = 3 [ ST e ) () (417)
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Given V=v+4+w+o+7and dp =0

i 1
Ly C Lyl = —(dw+ do) - 1 = —dw — jdo. (4.18)

For general Yy € D(AT*) and .y ns € D(T* @ AST*) we have

s(y+me 8 1) (i s(e, )23,

_ np
= const X Ymymoms (*Sﬁ)m4m5m6m7] +const X ¢y, plmymomsma Pmsmems]»

(4.19)

where, rather than evaluate the expression directly, we have used the facts that it must be
linear in v and 7 and a top form, and that the only Ge-invariant tensors are ¢, xp, the
metric g and its inverse. However for m = jdo the second term vanishes. We thus have'?

w(ePV) oc/ dw A *¢
M

(4.20)
x / wAdx e,
M
where we have assumed that M is compact to integrate by parts.
vanishing of moment map: d*p =0, (4.21)

so that the Gg structure must be torsion free.
We can extend this example to include fluxes by including them in the complexified
transformation as
Ly — eAJrAei“”T _ eA—%iA/\go-&-A-HgoT? (4.22)

where A and A are three- and six-form potentials. The real E7(7) transformation by A+ A
amounts to turning on four-form and seven-form fluxes, given by

F=dA, F=dA- %A A F. (4.23)
The involutivity condition is now
[V, W] 4 Ly (F +idp+ F 4+ %g@ ANde —iF A cp> e IN(TM), (4.24)
which holds if and only if

dp=F=F=0. (4.25)

In other words, involutivity of L3 forces the Gg structure to be closed and the fluxes to
vanish. Note that one could include a warp factor by including ¢ in the definition of Ls
— one would then find that involutivity also forces the warp factor to be constant. Since
all the fluxes vanish, the twisted generalised Lie derivative is equal to the ordinary Lie
derivative and the analysis of the u = 0 condition is exactly as before, that is, it simply

M Note that an analogous argument gives the same expression for the variation of the Kéahler potential for
0p = dw. (This gives a reason for why the coefficient of the first term in (4.19) cannot vanish; one knows
the generic variation of the Hitchin function is non-zero.) As we will discuss in section 5.2, this reflects the
fact that the vanishing of the moment map is the same as the extremisation of the K&hler potential.
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implies dxp = 0, and the G structure is integrable. We have thus reproduced the standard
conditions for a supersymmetric compactification of M-theory on a Gy manifold. For the
SU(7) structure there is strictly one extra degree of freedom, since we can always rescale
1 by a complex constant. As we discussed at the end of section 3.2, this rescaling is not
physical.

Recall that SU(7) structures are equivalent if they differ by generalised diffeomor-
phisms. The gauge symmetries will simply shift

A— A+ dw, A — A+do, (4.26)

thus the physical gauge degrees of freedom parametrise the de Rham cohomology classes
H3(M,R) and H$(M,R). The conventional diffeomorphisms on the other hand simply
relate diffeomorphic Go structures. Locally the moduli space of integrable Go structures is
diffeomorphic to a open set of H3 (M, R) (see for example [82]). Furthermore H$(M,R) = 0.
As we will show in section 6, all deformations of the SU(7) structure either deform the Go
structure ¢, deform A in Hg(M ) or correspond to rescaling . Thus, dropping the non-
physical rescaling, the physical moduli space is

My /C* ~ H3(M,C)  (locally), (4.27)

with the Kahler metric given by (3.43), as in [8, 75, 76]. We will comment more on a formal
way to treat this moduli problem in section 6.

In summary, we have shown that by embedding the problem in Er 7y x R* generalised
geometry, the Go manifold has an intriguing reinterpretation, as a sort of generalised
complex structure. There is an involutive complex subbundle whenever dy = 0, and
the final condition d x ¢ = 0 comes from a moment map.

4.2 GMPT structures in type II

The GMPT solutions give N' = 1 compactifications of type II supergravities and were
first analysed in [47] and further studied in [57]. While the solutions are not completely
general,'® they do cover a large class of compactifications in which the internal manifold
has an SU(3) structure, an SU(2) structure, or an intermediate case where the two SU(3)
structures can degenerate. The key observation of [47] was that these three cases are
examples of SU(3) x SU(3) structures on the generalised tangent bundle E = T'@T™* and can
all be described as generalised Calabi-Yau manifolds admitting two pure spinors [44, 45].
We begin with a brief review of the key aspects of the GMPT solutions before embedding
them into the SU(7) structures we have described above. We will use this formulation of
the solutions to find their moduli in section 6.4.

The GMPT solutions admit two non-vanishing, compatible pure spinors {®, ®_} with
associated generalised complex structures {J, J_} satisfying

(@ ¥V )= (D, VP )=0 VVEE <& [T, T ]=0, (4.28)

5The construction requires that the two internal spinors {n",7*} in (3.3) are nowhere vanishing. An

example that falls outside of this classification is an NS5-brane wrapping a Calabi-Yau. As shown in [32],
this class of solution can be embedded within exceptional generalised geometry.
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where [, | is the usual commutator and the slash denotes the Clifford action, as it will for
the remainder of this section. This is a special case of the generalised Kéhler structures
defined in [83] and gives an SU(3) x SU(3) structure. The two pure spinors are constructed
as bilinears of the Killing spinors {Cf[, C2i} given in (3.3). The Killing spinor equations in
terms of ®F were first given in [47]. Here it will be useful to use an equivalent form derived
by Tomasiello [57]

ddy =0, F=-8d7* (2 Tm &), (4.29)
d(e™®Re =) =0, (4.30)

where d7 = [d, J], the upper/lower sign is for type IIA/B, A is the warp factor in the
string frame and F' is the Ramond-Ramond flux. It is easy to show that, if one assumes the
generalised 90-lemma (C.5) [84], then (4.29) implies that F is in the trivial cohomology
class. The spinors are normalised so that

_ _ 1 .
(@, 0,)=(P_,0_ )= §e6A_2"9 vol, (4.31)

where (-, ) is the Mukai pairing (A.1), ¢ is the dilaton and vol is the volume form defined
by the string-frame metric. Note that in [57] the twisted differential dg = d — HA is used.
Here we will use the convention that the B-field is included in the definition of the spinors
and RR flux (that is they are twisted by e~? relative to those in [57]) and hence the usual
differential d appears.

We now show how to embed these solutions into the framework of generalised SU(7)
structures. We start by defining L3 as'®

Ly = C8ie M mes (17 gy ), (4.32)

Here the upper/lower signs correspond to type IIA /B respectively, L{i CEc~(ToT)
is the +i-eigenspace of Ji, Uz, is the pure spinor line bundle defined by J+ and C is
the (global) polyform potential for the RR flux F. Note that in writing (4.32), we are
implicitly using an embedding of the O(6,6) structures into the Ey(7) generalised tangent
bundle and adjoint bundle: this is given in appendix A for type IIB.'” We will focus on type
IIB for definiteness but analogous results hold in ITA with the appropriate embedding. It is
relatively straightforward to check that L3 satisfies the necessary and sufficient conditions
to define an almost exceptional complex structure.

Now we turn to the involutivity condition. We will show first that the untwisted bundle
L‘lj’ ®U7_ is involutive if and only if J_ is integrable. One can check that is(V, W) is not
positive definite, thus it defines only an exceptional Dirac structure, but not an exceptional
complex structure. We find that the modified bundle L3 is involutive provided an extra
condition on the twisting factor C' + 8ie 32 Im ®_ is satisfied. Let

V=W+ad_c(L] olUs ), (4.33)

16Such a procedure for going from generalised to exceptional complex structures was originally formulated
in an Eg(g) context by two of the current authors (AA and DW) with Michela Petrini and Edward Tasker [85].

7The powers of A in the normalisation (4.31) imply that ®+ are sections of a weight-three bundle under
the R action. The adjoint bundle is weight-zero, hence the e ™32 factor in (4.32).
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where W € I‘(L{’) and o € C*°(M,C), and similarly for V’. Requiring
LyV' = Liyjao. (W + d/®) e (LY @ U ), (4.34)
implies first that
LyW'eL/, vYW,WeL/, (4.35)

that is, the generalised complex structure J_ associated to ®_ must be integrable.
From (2.32) and W®_ = W'®_ = 0 we then immediately have

Ly (d/®_) = (Lo )P + &' Liy®_ = (W, da/ + 2A)P_ € U7,

, , , (4.36)
Lag W' = —d(a®_)- W' = —(W',da+24)®_ €Uy,

as required (in the second line d(a®_) acts via the E;(7y adjoint action). For the final term
we have

Loo_ (/@) = —d(a®_) - (/®_) = —d/[(dd+ A)P_] - ®_ =0 (4.37)

identically, as can be seen simply by counting the J_ charge. Hence we see
involutive L{_ GUs. & integrable J_. (4.38)

We now define
Y=C+8ie 3 Imd,, (4.39)

so that e*V € I'(L3) if V € F(L{’ ®U7_). We then have!®
Lesy (V) = " LV = *[Ly V' — (WAX) - V'], (4.40)

where L is the twisted generalised Lie derivative (for type IIB, see [32]) and (WdX) acts
on V' via the E7() x R* adjoint action. To be involutive we need the term in brackets to

be an element of L‘lﬂ ® Uz . Since the first term is differential and the second algebraic
in V and V' this can only be true if each term is separately a section of L{* U7 . We
have already analysed the first term. For the second term it means WdX € I'(ad F)) must
stabilise L‘17’ ® U7 . For the W component we have

— (Wdx) - W' = WWdx. (4.41)

If we will split the spinor bundle S~ into its J_ ni-eigenspaces, S, where n = —3,—1,1, 3,
and denote by a subscript n the projection of a polyform to S,,, this implies

WWAs € S5 « (d%)_; = (d¥)_3=0. (4.42)
Combining these conditions with their complex conjugates we find

F=-8d7(e%*Im®,). (4.43)

8Note that the generalised Lie derivative is antisymmetric when Ls is involutive, so checking involutivity
with the generalised Lie derivative is equivalent to checking it with the Courant bracket. The condition
that Ls Xy L3 = 0 ensures this.
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Moreover, just counting the [J_ charges, we see that this condition is enough to imply
(WdX)-®_ = 0. Taken together, we see that the first two equations in (4.29) are necessary
and sufficient conditions for involutivity of Ls:

involutivity of Ly :  d®_ = A®_, F=-8d7 (¢ 3*Im®,). (4.44)

As expected, involutivity does not provide a full solution to the supersymmetry equa-
tions. Instead we find that it implies essentially the first two (4.29) of the three conditions
found in [57]. From section 3.2 we know that these equations only imply the vanishing of
part of the intrinsic torsion, and that the vanishing of the rest of the intrinsic torsion, here
given by the final equation d(e™® Re®,) = 0, is implied by the vanishing of the moment
map (3.39). In other words we have

vanishing of moment map : A=0, d(e™®Re®,) =0, (4.45)

that is, the generalised complex structure J_ is promoted to a generalised Calabi-Yau
structure, and in addition the third condition of [57] is satisfied. Since the full set of
equation (4.29) and (4.29) are equivalent to supersymmetry, the proof in [27, 28] that
supersymmetry is equivalent to vanishing intrinsic torsion is sufficient for these last condi-
tions to indeed be equivalent to the vanishing of the moment map. Thus, rather than give
all the details, let us simply sketch below how the relevant conditions arise.

Since it defines an exceptional polarisation, the L‘17_ @ Uy subbundle will have an
associated singlet in the K¢ bundle, just as for an almost exceptional complex structure.
Given the decomposition under O(6,6) x SL(2,R) C Eq(7)

912 = (352,1) + (220,2) + (12,2) + (32, 3), (4.46)

the only SU(3,3) C O(6, 6) singlet appears in the 32 representation, given by, up to det T*
factors, ®_ itself. In fact, the Rt weight of K is such that singlet is simply ®_ € I'(K¢).
It has the property that Ve ®_ =0 for all V € F(L‘f’ @ U7 ). Given the twisting of Ls
it is then easy to see that the corresponding SU(7) structure is simply

w:eE_q)_ :eC'—i-Sie’SAIm(IM_ _q)_’ (447)

where, since ®_ is already naturally the section of a weight-three bundle under the R*
action, we do not expect any additional powers of ¢®. Turning to the moment map, we
can repeat the same steps in the analysis for Go structures in section 4.1 to derive

(e V) = %/ S(LFD_ e Ze® - @) (is(¢h, )" Y/?
M
(4.48)
— %/ S(LEFED_ o™ 2B g ) (is(eh,4)) "3,
M

where in the second line we have use the property that we can always choose a gauge for
C such that ¥ and ¥ commute. We also have

LED =Lyd — (V%) - & =Ly®_ =Ly®_ — (dA_ +dA)-&_, (4.49)
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where we have used the fact, derived from the involutivity condition, that dX stabilises
L‘lﬂ @® U7 and hence the singlet ®_ € T'(K), and in the last expression have split V =
Z+ A, + (A+7) using the decomposition (B.1). One can argue that the terms that survive
in the moment map are of the form

w(V) ~ const/(LZ@)_,Cf)_) + Const/(dj\_,e_A Re®,). (4.50)

This form follows from keeping track of the U(1) C SL(2,R) charge in the O(6,6) x
SL(2,R) C E7(7) decomposition, noting the Rt weight to get the correct e® factor, and
recalling the algebraic relations between Jy and ®4. In particular, the U(1) charge implies
that the second term arises from the third-order term in Im &, exponential. As was first
noticed in [44], one can determine the real part of a pure spinor from the imaginary part!? as
a third-order expression in Im &, hence the appearance of Re ®,. The first term vanishes
if and only if A = 0, while, integrating by parts on the second term gives d(e"® Re ®) = 0,
the final condition in (4.30).

4.2.1 Calabi-Yauas N =1

It is straightforward to describe the usual Calabi-Yau compactifications in our formalism.
While these actually give N’ = 2 compactifications, we can still write them in our N' =1
language. In this case, the internal spinors are equal, {; = (2, and can be used to construct
a complex three-form {2 and a real two-form w. Given vanishing flux one finds that the
dilaton and warp factor must be constant. The Killing spinor equations then imply

dQ2 =0, dw = 0. (4.51)
These objects can be embedded as generalised complex structures as
1 R
d_ = §e3A_“OQ, Ly =100 @ 710, (4.52)
o 1 3A—¢ iw J+ _ .
b, = ¢ e, Lt =T4(1—iw). (4.53)
where these are chosen such that they have the correct normalisation according to (4.29)

and (4.30).
Focussing on type IIB, we take

L3 _ eio—‘?’(w—éw/\w/\w) (TO,I ® T*I,O ® (Ce?)A—ApQ)' (4‘54)
Integrability of Ls then implies
do=4AnrQ, dw=dpAw, (4.55)

where I is the (integrable) complex structure associated to 2 and d! = [d, I]. Clearly these
are not the full set of integrability conditions for Calabi-Yau. Imposing the vanishing of
the moment map, we find that A = dA = d¢ = 0 and hence the above become

dQ =0, dw=0 & dw=0. (4.56)

19Tn fact, in [44] they show that Im ® can be obtained from Re ®. However the converse statement is also
true.
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Finally note that we could have instead taken the pure spinors to be
L o 3A—0 L ig sA— iw
o= ge e Q, o, = gee Pelv) (4.57)

where «, 8 are two real constants. This would not change the normalisation condition or
the generalised metric, but would affect what we mean by the real and imaginary parts of
®_ and hence would rearrange which terms appear in the involutivity and moment map
conditions. This amounts to choosing which N'=1 C /' = 2 we want to make manifest.

5 The superpotential, the Kihler potential and extremisation

As we discussed in section 3.2, the existence of the Ké&hler metric on the space Z of
generalised SU(7) structures is really just a reflection of fact that one can rewrite the full
ten- or eleven-dimensional supergravity in D = 4, N’ = 1 language, in line with the N' = 2
discussion of [29, 30, 32, 71]. The internal degrees of freedom parametrised by # lie in chiral
multiplets and hence parametrise a Kéhler manifold. By including the unphysical constant
overall scaling and phase of ¢ we are in the superconformal formulation of the supergravity.
The D-term (or more strictly the Killing prepotential P) is just the moment map p for the
action of the GDiff gauge symmetry, with V € I'(E) giving a parametrisation of goiff:

Kahler potential : K= / (iS(w,lﬁ))l/g,
M
(5.1)

D-term : P = ;/ s(va,&)(iS(w,tZ))_Q/?’-
M

To complete the description of the chiral multiplet sector we need the generic su-
perpotential W in terms of ¢. This was first discussed in [23]. The D = 4, N =1
supersymmetry conditions are the vanishing of the D-term, namely P = 0, and the super-
potential conditions §V/d¢ = W = 0. In terms of our previous discussion this means that
the superpotential conditions should imply the involutivity of L3. A missing ingredient
thus far in our discussion is to show that involutivity is a holomorphic condition in terms
¥. In this section, we will extend the analysis of [23] to give the expression for W for a
generic A/ = 1 background. We will see that it is indeed a holomorphic function of 1 and
furthermore show that, in the special cases of a Go structure and GMPT, it matches the
standard expressions in the literature.

Recall also that the moment map picture implies that formally the moduli space of
integrable SU(7) structures can be viewed as a quotient by the complexification GDiff¢
of the generalised diffeomorphism group. As for the complex and generalised complex
structure cases, the complexification does not really exist as a group, and instead what is
really meant is modding out by the complexification of the orbits generated by the action
of GDiff. The other focus of this section is to investigate this action and show that it
gives a (generalised) reinterpretation of Hitchin’s picture of integrable Go structures as
extremising a particular functional. We will also comment very briefly on how this might
suggest notions of stability for Go manifolds and their generalisations.
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5.1 The superpotential

In this section we will derive a general form for the superpotential W, building on work
on superpotentials in the presence of flux first proposed in [86, 87], and the generalised
geometry expressions given in [26]. A natural conjecture is that W is given by the singlet
part of the intrinsic torsion for the SU(7) structure integrated over the internal manifold.
As we will see, one can pick out this singlet by a projection that is holomorphic in terms
of 1, meaning that the superpotential is a holomorphic function of ¢, justifying v as the
holomorphic coordinate on Z.

As mentioned above we expect the supersymmetry conditions §W/dp = W = 0 to
imply the involution condition on Ls. We note that the variations of the SU(7) structure ¢
transform as 17, 73 and 355, and so W/ = 0 will constrain the dual 1_7, 7_3 and 35_3
components of the intrinsic torsion. This means JW/d¢ = 0 implies W = 0 (as W itself
is the singlet) and furthermore is a slightly stronger condition than L3 being involutive,
which only constrained the 1_7 and 35_5 components.

Before turning to the superpotential itself, it is useful to show that one can rephrase
involutivity as a holomorphic condition on . Suppose V' € I'(L3) and D is a compatible
generalised connection, that is Dy = 0. From the definition (3.11) we find

Lyyp=-T(V)-¢ for Ve I'(L3). (5.2)

Note that this expression is linear in V. For any other R weight we would have gotten
an additional factor of the form (D - V)¢ where D -V = Dy VM, and hence a non-
linear expression. Since Ly is independent of D, only the intrinsic torsion contributes to
T(V) - 1. From the U(1) x SU(7) representations it is easy to check that the 1_7, 7_,
and 35_5 components of the intrinsic torsion (3.24) appear, precisely the components in
SW/d. This gives us an alternative formulation of the involutivity condition?’ (i.e. the
vanishing of the 1_7 and 35_5 components):2!

involutive Ls & Ly =AV)y VV € Ls, (5.3)

where A € T'(L}) is the 7_3 component of the SU(7) intrinsic torsion, and A(V) = Ay VM
is just the natural pairing between sections of E* and FE. We also see that we expect

W _
o

In analogy with the complex structure and generalised complex structure cases, we expect

0 & Lyp=0 VVelL; (5.4)

that we can always take a 1 satisfying the involutive condition and rescale by a complex
function 1)’ = f1) so that the stronger superpotential condition is satisfied.

Crucially both of these conditions are linear in V' and so can be viewed as a holomorphic
expressions in . (Note from (3.20) that Lz is fixed by V e ¢ = 0 and so also only

2ONote that in the conventional and generalised complex structure cases we could equally well have
formulated the conditions (2.5) and (2.32) as LvQ = (1w A)Q and Lv® = 2(V, AY® for all V € I'(Ly).

2INote that relations of this form were first noted in the context of integrable structures in E¢(6) generalised
geometry by Edward Tasker (private communication).
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depends holomorphically on 1.) If we had chosen a structure ¢’ with a different R"-
weight we would have had an additional (D - V)1’ term. For the involutivity condition we
could still have phrased the condition in the holomorphic form Ly’ « 1/, however the
dW/§y" = 0 condition would not be holomorphic because it would have to be written as
Ly [(is(¢',4")P4)'] = 0 for some suitable power p. Thus we anticipate that the superpotential
W is a holomorphic function only if we take ¢ transforming in 9123.

Returning to the definition of the superpotential, why is it natural to conjecture that
it is the singlet torsion 1_77 Consider the AdS case for a moment. We know from [27] that
the cosmological constant appears as a singlet of the intrinsic torsion when decomposed
under SU(8) and this descends to the singlet for the SU(7) structure (since there is only one
singlet). The supersymmetry conditions for an AdS background include the vanishing of
derivatives of the superpotential (the F-terms) but the superpotential itself does not vanish.
Instead, requiring the superpotential to vanish is the final condition for a Minkowski solu-
tion. Thus it is reasonable that the superpotential itself is simply the singlet of the torsion.

To see this more concretely, we conjecture

W = /MWN/MiS(”L/J,T), (5.5)

where T is the intrinsic torsion of the structure. The symplectic product with v projects
onto the singlet component (specifically the 1_7 component). We also note that 1 is weight-
3 and T is weight-(—1) with respect to the Rt action. This means is(,T) is weight-2
and hence is a volume form which can be integrated over the manifold. From (5.2) we
know that the 1_7 component of the torsion is a holomorphic function of 1, and hence the
superpotential is holomorphic.

We can make the ¢ dependence more manifest as follows. It was shown in [23], using

the Killing spinor equations, that W can be written as®?

(D Xaq ¥) -9 ~ W, (5.6)

where D is now a torsion-free SU(8) connection (not SU(7)), X,.q is a projection to the
adjoint representation 133, so that D x.q % transforms in the 1332 representation, and
W is the desired singlet component of the intrinsic torsion of the structure defined by .
Clearly we can project onto W by calculating

5(772)7 (D >_<ad 1/)) } ¢)
(¥, )

At first sight, this appears to depend on ) and so will not be holomorphic on Z. However,

~W. (5.7)

this apparent dependence factors out. Consider an infinitesimal variation of the structure

p~chp+a-Y+a-,
S ~e+a-v+a-,

22Technically, in [23] a specific choice of the connection D was taken. We show that the operator appearing

(5.8)

here is independent of this choice at the end of this section.
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where we are acting with the Lie algebra e7(7) © R. Decomposing under SU(7) as in (3.16),
¢ is a complex singlet coming from 1y and the R action, while ¢ and & transform in 7_4
and 35_5 representations respectively. Of the antiholomorphic parameters (¢, a,a), only ¢
can appear in the relevant projection

s(0%, (D xaq ¥) - 9) ~ W s(80,0) = W (1, 9) (5.9)

as the parts involving a and @ are non-singlet and thus projected out. Thus we are left
with only a C* scaling of ¢ by the antiholomorphic factor e. However this scaling clearly
factors out of (5.7) and hence W is indeed a holomorphic function of 1.

In conclusion, the general expression for the superpotential of a generic D =4, N’ =1
background up to an overall constant is

[ [ D) W) [
W—/MW /M o /Mt (J, (D Xaq ). (5.10)

We have included an alternative expression in a slightly simpler form that has the benefit

of being easier to calculate explicitly. However, it is less obvious to see that it does not
depend on antiholomorphic variations of the structure.

For completeness we should check that our expressions for W are well defined, in the
sense that they do not depend on the parts of the torsion-free SU(8) connection D which
are not determined by the generalised metric G. These undetermined components form

the 1280 + 1280 parts of the connection, and they do appear in the unprojected operator
D Xaq v, which thus depends on the choice of the connection D. To see that they do not
appear in our expressions for the superpotential above, note that J, ¥ and the operators
tr(J(D Xaq ) and s(1), (D Xaq ) - 1) are all SU(7) singlets. This means that only SU(7)
singlet parts of the connection can appear in them. A routine decomposition reveals that
there are no singlets in the SU(7) decomposition of the 1280 + 1280 representation of
SU(8), and thus these parts of the connection cannot appear in our expressions. As such,

these operators represent a complex SU(7) singlet part of the intrinsic torsion, as claimed.

5.1.1 G2 in M-theory

In the Gg case, it is straightforward to calculate the superpotential directly and compare
with the existing literature. As discussed in section 4.1, the SU(7) structure corresponding
to a Gg structure with flux has the form

= . 1. .
)= eA—l—Aeup 1= eA—ilA/\go—l-A—i—lcp 1=e - 1, (5 11)
i_1: . .
L3 = eA—§1A/\4p+A+1<p T = e . T,

where we have defined v = A — %iA AN+ A+ip as a sum of six- and three-forms. The
Dorfman derivative of ¢ along V = e¢Yv € I'(L3) satisfies

Lyt) = Levy(e? 1) =¢" - LL1=¢7- (L,1 — 4,1 1) = =7 -3, T - 1, (5.12)
where the complex flux

.1
P=F+idp+F+pndp—iFnpe D(A'T* @ NTT™) (5.13)
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can be viewed as a section of the torsion bundle K. Using the various actions of v as an
adjoint element, we also have

T(V)-¢p=T(v)-e-1=¢€"-(e7-T)(v)-1=¢€"-1,(e7-T)-1. (5.14)
Finally we note that
S<1/}7 T) = S(e’y ' 17T) - 8(1767’Y ’ T) ~ (e*"/ ’ T)(7)7 (515)

where (e™7 - T')(7) is the seven-form component of (e~ - T'). However, using (5.2) and
comparing (5.12) and (5.14), we see that (e™” - T')(7y = I'(7) and hence

Woc/Mis(qﬁ,T)oc/M(F—l—;p/\dgp—iF/\gp). (5.16)

The superpotential is simply the integral of the seven-form component of the complex flux.

We can compare this expression to those that have already appeared the literature.
Beasley and Witten considered the M-theory superpotential on manifolds of Gy holon-
omy [8] — this means we should assume dy = 0 to match their results. In addition, they
take [, F = —% [ A A F.23 Using these assumptions, the above superpotential can be
rewritten as

Wo</ <1A+i¢) AF, (5.17)
M\ 2

which matches that given in [8]. More generally, the M-theory superpotential on manifolds
with Gg structure with flux has been discussed in a number of places [2, 11, 89, 90].
Following [90], we define

-1
Py = / (F v lan F) € (2m)2Z, (5.18)
M 2
which allows us to rewrite our superpotential as
1 ) 1
Wo<P0+/ —|zA4+ip )| ANF+-pAdp
M 2 2

(5.19)
x Py—~ /M(A +ip) Ad(A + ).
This matches the expression found in [90] up to an overall multiplicative constant.
Let us make one further comment. Recall that involutivity for a Go structure implied
dp = dA = dA = 0 and so dy = 0. From (5.12) this means Ly = 0 for all V € I'(L3)
— in other words §WW/dy) = 0. This is a result of our choice of normalisation of ¢. If we
had scaled by a complex function f so that 1)/ =e7 - f, we would have had an additional
one-form contribution to the intrinsic torsion 7" and Lyt would not vanish, consistent with
the comments below (5.4).

23 As discussed by Beasley and Witten, this comes about as the Page charge (the integral of ﬁdﬁ) is
quantised. Since ﬁ% fM AAF is only defined modulo an integer [88], one can take fM (F+ 1ANF)=0

without introducing extra ambiguities.
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5.1.2 GMPT

We can repeat the same analysis to give the superpotential in the GMPT case. The SU(7)
structure has the form given in (4.47) and (4.32)

p=e"-®_, Ly=e (L] ®lUs), (5.20)
where ¥ = C + 8ie 32 Im ®, . Using (4.49), we then have

Ly =e” [Lziae-®_ — (ZdX)-3_) (5.21)
=¥ [ZdD_ — a(dd_) - d_ — (ZdX) - o_], ‘
where we take Z € I‘(L{‘) so that V = e*(Z 4+ a®_) € T'(L3) and have used the algebraic
property (Z + a®_) e ®_ =0. As in (5.14) we have for the torsion

TV) p=e" (e - T)(Z+ad_) - d_. (5.22)
Finally we have
s, T) = s(e™ - W,T) = s(¥_,e™-T) ~ (&, (7 T)), (5.23)

where in the last expression we have the Mukai pairing of ®_ and the odd-polyform com-
ponent (e~> - T)_ of the torsion. However, using (5.2) and comparing (5.21) and (5.22),
we see that (e - T)_ = d¥ and hence

W /Mis(w,T) x /M (0, F+8id(c ™ may)). (5.24)

Taking into account the normalisations (4.31), we see that this is in precise agreement with
the O(6,6) generalised geometry expressions given in [29, 91-93].

5.2 The Kihler potential, the moment map and extremisation

Almost twenty years ago Hitchin [34] gave an intriguing reformulation of integrable Go
structures as corresponding to stationary points of a suitable functional on the space of
closed structures, that is those satisfying d¢ = 0, taking the variation within the cohomol-
ogy class of . In this section we will show that the Kéhler potential K gives a natural
generalised geometry extension of Hitchin’s functional for SU(7) structures. In particular,
we show that the moment map conditions ¢ = 0 can be rephrased as stationary points of
K when varying over the space of complexified generalised diffeomorphisms GDiff¢. In the
case of G structures we show that this is identical to Hitchin’s variational problem.

We start by recalling that an infinitesimal generalised diffeomorphism defines a vector
field pyy € I'(T'Z) on the space Z of generalised SU(7) structures given by?*

Lpyth = 1,50 = Ly, (5.25)

Z4Note that here L, is the Lie derivative along py in the space of structures Z, whereas Ly is the

generalised Lie derivative on the manifold M.
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The symplectic form @ on Z given in (3.33) is invariant under the action of GDiff, that is
Ly, @ =0, and p in (3.39) is the corresponding moment map defined by 2, @ = —=du(V).
Note that it is straightforward to check that u,,,0u(V) = p([V, W]), where [V, W] is the
Courant bracket, and hence the moment map is equivariant. We also immediately note
Ly, = Lyt is holomorphic in ¢ hence the GDiff action also preserves the complex
structure on Z.

It is a standard result from the supergravity literature that the moment map (or D-
term) can be solved in terms of the Kéahler potential [94]. Explicitly, if py generates the
symmetry, one has, by definition,

1 1 1
(V) = —1p, @ = —1,, (255%) = =5 Loy (TOK) + 501, T6K), (5.26)

where 67 = [Z, ] and T is the complex structure on Z. But we have £,,,Z = 0, so, assuming
we choose the Kahler potential such that it is also invariant, that is £,, K = 0, the first
term vanishes. Using 1z,,, 6K = —1,,Z6K, one then has (up to closed terms which are fixed
to vanish by the requirement of equivariance)

1 1
M(V) = _§ZIPV6’C = _Q‘CZPVIC' (527)

To check this relation explicitly in our case, we first calculate Zpy . Since v is holomorphic,
splitting the exterior (functional) derivative on Z into holomorphic and antiholomorphic
parts § = & + &', we have

Loy t) =17p,0"th) =1, 0') =1L, 1) = iLy . (5.28)
We then have

Lap k= [ 5 (i506,0)) " (1500, ) + 1506, 12,,60))

(5.29)

where we used an integration by parts and compactness to reach the final line. This is in
complete agreement with (5.27). For completeness, using the non-holomorphic structure
¢, we can also check the invariance of K:

Lok =i [ (0py66.60) + 5(81100) =1 [ 5(Lu,6)+ (6. Lv )

i (5.30)
—i / Lys(6,8) =0,
M

where the action of Ly on a top-form reduces to the Lie derivative, which then vanishes
due to compactness of M.
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The relation (5.27) is striking because it shows that the zeros of the moment map can
be equally well thought of as critical points of I

=0 & critical point of K under GDiff¢ action. (5.31)

The group GDiff does not really complexify, so what is really meant here is motion on the
orbits generated by py and Zpy . Since K is invariant under the former, the extremisation is
really over iGDiff generate by Zpy . For the set of critical points to form a nice moduli space
after quotienting by GDiff, as in the symplectic quotient, strictly one needs to show that a
critical point of the Kéhler potential is non-degenerate transverse to the orbit of GDiff [34].
It is a general result that the Hessian for the imaginary transformations is given by

L1py L1p K = —=2L7p, (W) = =217, 0u(W) = 217,15, @ = 23(pv, pw), (5.32)

where ¢ is the pseudo-Kéhler metric on Z. Because the metric is pseudo-Kéhler, it is
possible that g(py, pw) could vanish for all py and this not imply that py = 0. Since we
want to mod out by real generalised diffeomorphisms, the non-degeneracy condition we
require is that, at the extremum,

Glpv,pw) =0 YW eTl(E) —  3UEeT(E): iLyy = Lyv. (5.33)

In other words, any degeneracy in the direction of an imaginary GDiff transformation
is always equivalent to a real GDiff transformation. One can rephrase this condition
in terms of the operators discussed in section 6.5. However, at this point, we do not
understand them well enough to check if the non-degeneracy is generically true. That said,
from a physical perspective, since the equations of motion of supergravity are elliptic and
supersymmetry implies the equations of motion, we would expect there to be a sensible
finite-dimensional moduli space.

The extremisation of IC is a generalised geometry extension of Hitchin’s extremisation
of a Gy functional [34] as we will now see. We saw in section 4.1 that for Gg structures,
the Kéhler potential is proportional to the Gy Hitchin functional V' (p)

K@) x V(p) = / © N\ *p for ¢ = eAtAgie 1. (5.34)
M
Furthermore, under an imaginary GDiff transformation it is straightforward to calculate
17,00 = iLytp =Ly — i(dw + do) - ¢, = —d(2pp) - ¢ — i(dw’ + do”) - 9. (5.35)

where w’ = w—1,A4 and ¢/ = o —1,A— %A/\ZUA+ %@/\zvgp and we have used the involutivity
conditions dg = dA = dA = 0. We see that, up to real generalised diffeomorphisms, an
imaginary GDiff is equivalent to an imaginary gauge transformation. FExponentiating,
again up to real gauge transformations, we get

W s g = AT AR gilptde’) g _ A+Ai(p+d) | (1 + const x jdo’ +...), (5.36)

where jdo’ denotes Ao, n,..ns € I'(T* ® A°T*) and the dots denote higher-order terms in
do’. In particular, we see the Gy three-form is shifted within its cohomology class. We
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now want to extremise K with respect to the ¢’ and w’ variations. First note that it is
independent of A and A since it is a E7(7) X R*-invariant. Next, we first show that do’ = 0
is an extremum with respect to the o’ variations. Writing the modified Go structure as ¢’ =
¢ +du’, linearising in 7 = jdo’ we then have, using the same arguments that led to (4.19),

oK = / K where Kmy..m» = const X g'”pﬂn,p[ml.“mzlnp;lsme?]. (5.37)
M

However, the antisymmetry of do’ implies x vanishes and hence K = 0. This means we
are back to extremising IC(¢)) in (5.34) with ¢ replaced with ¢’ = ¢ + dw’. But this is
exactly the extremisation introduced by Hitchin [34]. For a variation d¢’ = duw’ it gives

5V(<p’)o</ 5g0'/\*gp’:/ dw’ A *¢p'. (5.38)
M M

Integrating by parts shows that V has a critical point for d x ¢’ = 0, recovering the
condition from the vanishing of the moment map as we expected.

5.3 Moduli spaces, GIT and stability

The fact that the moduli space can be viewed either as a symplectic quotient or a quotient
by the complexified group is a general result for group actions that preserve a Kéahler
structure (see for example the discussion in [95]). For the case in hand, we have

M,, = Z J/GDiff ~ ZP*/GDiffc. (5.39)

There is a subtlety we have glossed over previously which is that for the complex quotient
one needs to consider not the full space of structures but a subset ZPs C Z of “polystable”
points. The equivalence of quotients in (5.39) is the Kempf-Ness theorem. This is part of
“Geometric Invariant Theory” or GIT, as reviewed for example in [96]. The point is that
not all complex orbits will intersect the space of zeros of the moment map p~1(0). If 1 lies
on an orbit that fails to meet z~1(0) it is called unstable and is excluded from ZPS. Our
setup is typical of a number of classic geometric problems: one has an infinite-dimensional
Ka&hler manifold with a group action such that the vanishing of a moment map corresponds
to the solution of a differential equation. For example, it appears in Atiyah and Bott’s work
on flat connections on Riemann surfaces [35], in the “hermitian Yang-Mills” equations of
Donaldson-Uhlenbeck-Yau [36-38], Fine’s formulation of the Calabi conjecture [97], and
the equations of Kéhler-Einstein geometry [39-43]. Famously, in each case, developing
the correct GIT notion of stability allows one to translate the question of existence of
solutions to the differential equation into algebraic conditions arising from the analysis of
the complex orbits.

In this section, we will sketch how our description of integrable SU(7) structures might
translate into the GIT picture, and discuss the form of the moduli space. In general,
stability can be understood in the following way. Consider a U(1) subgroup of the group
action. For us this is some U(1) C GDiff generated by some vector field py € I'(T'Z). Under
complexification this gives a C* action on the space of involutive structures Z. Starting
at some point ¥ € Z the C* action generates an orbit of structures ¢ (v) parameterised
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Figure 1. Stability for a 1-PS orbit of .

by v € C*. If the space of structures were compact up to overall scalings of the SU(7)
structure of the form v — A3t with A € C*, then in the limit v — 0, the two C* actions
must coincide, giving a fixed line of structures (see figure 1)

lim ¢ (v) = 5@y = lim K = 2@, where w(¥) € Z, (5.40)
v—

v—0
where the weight w(v)) depends on the orbit (and hence the original structure ) and

is necessarily quantised since we have a U(1) C C* action.?® Considering all such U(1)
subgroups, or “one-parameter subgroups” (1-PS), one then defines?

if w(y) < 0 for all 1-PS then ¢ is stable,
if w(v) <0 for all 1-PS then 1 is semistable, (5.41)
if w(v) > 0 for some 1-PS then 1) is unstable.

The beautiful observation is then that if the function K is convex with respect to varying |v|,
and is stable in both directions (that is for 1-PS generated by py and the inverse 1-PS gener-
ated by —py ), then it must have a (unique) minimum. But we have already seen from (5.27)
that a minimum of K is equivalent to the vanishing of the moment map p(V') = 0 for this
particular V. Since stability is for all 1-PS it implies there is a unique minimum where
(V) = 0 for all V. Hence if ¢ is stable?” then there is a unique solution of the moment
map in the orbit of ¢ generated by GDiffc. In the language of GIT we are identifying

norm functional = Kéhler potential (5.42)

which as we saw above is the E7(7) x R* extension of Hitchin’s Ga-functional.

#5We have normalised the U(1) charges relative to the RT action, hence the factor of three in (5.40).

26More generally one can define stability for the action of the whole of the complexified group (in our case
GDiffc) but the Hilbert-Mumford criterion implies that stability for all the 1-PS is an equivalent condition.

2"The actual condition is the slightly more subtle notion of “polystability” which includes equivalence
classes of semistable orbits, at the boundary between stable and unstable orbits.
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In the Kéhler-Einstein context, Yau [98] originally introduced the notion of a functional
that is the integral of the square of the scalar curvature, and in the moment map picture
is the integral of the square of the moment map. Critical points of the Yau functional are
called “extremal metrics”. In our context, the N'= 1, D = 4 supergravity picture gives a
simple interpretation of the analogous object. Recall that the potential of the supergravity
is given by

y=et (gijDiWDEW - 3wv’v) + %(Re )P, Py, (5.43)

where §;7 is the Kéhler metric on the space of chiral fields ®', DWW = oW — (0;K)W,
and Re 7y, is an invariant metric on the Lie algebra of the moment map symmetry. If we
consider SU(7) structures that are involutive (or strictly the slightly stronger condition that
the superpotential is extremised (5.4)) the term in parentheses vanishes. The metric on the
Lie algebra is fixed by the generalised metric Gy (see for example [99]) and we are left with

Y~ / Vol GMN PPy ~ / volg R, (5.44)
M M

where volg is the E;(py-invariant volume form defined by the generalised metric. (Note
that the factor of vol' in the first term comes from the fact that P € T'(det T* ® E*).)
We see that the potential is the square of the moment map. Furthermore, from the
reformulation of supergravity in terms of Eg7) X RT generalised geometry [24, 25], the
potential is the supergravity action on M which is just the integral of the generalised Ricci
scalar R as we write in the second term. Thus we have

Yau functional ~ / volg R. (5.45)
M

We see that extremising the Yau functional corresponds to generalised Ricci-flat solutions,
that is generic solutions of the supergravity equations.

Central to the equivalence of stability and the vanishing of the moment map is the
condition that the norm functional is convex. This is usually a consequence of the general
result (5.32) that the second derivative is given by the Kéhler metric

Lzpy L1py K =25(pv, pv ). (5.46)

A positive-definite metric then implies convexity. As we have already mentioned, a key
difference for SU(7) structures is that we have a pseudo-Kéhler metric and so we can no
longer guarantee that the norm functional is convex under the action of iGDiff. Thus a
stable orbit may have more than one solution of the moment map, and unstable orbits may
still include solutions, implying stability is only a necessary condition for the existence of
solutions. This problem is closely related to the degeneracy question, mentioned above, as
to whether critical points of I form a nice moduli space.

The pseudo-Kéhler structure raises other potential subtleties with the description of
the moduli space of integrable SU(7) structures as we have presented it. First, the holo-
morphic involutivity condition might define a null subspace within the space of structures
Z, meaning there is no guarantee that the subspace Z inherits a Kéihler metric (since
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the pullback of the metric can be degenerate). Secondly, if the group action defining the
moment map is null, there is similarly no guarantee that there is a Kéhler metric on the
symplectic quotient. Although we have not checked directly, physically we might expect
that neither problem arises, the point being that supersymmetry implies that there must
be a Kéhler metric on the final moduli space, since it is a space of chiral superfields. Fur-
thermore, unless the background secretly admits more supersymemtries, this metric must
be positive definite (since it gives the kinetic terms of the four-dimensional fields). If there
are extra supersymmetries these appear as deformations which change the SU(7) structure
but not the generalised metric, and hence are unphysical.

This makes one wonder if there could be a more standard GIT picture underlying the
conditions. Recall that at a point p € M the tangent space TQgy 7) to the Ez7) xR /SU(7)
coset space (3.29) decomposes under SU(7) x U(1) as

TQsuery © (Lo®1o) @ (T-a @ T4) ® (352  35_2), (5.47)

where the first two terms are generated by the action of J and the R scaling. The complex
structure on T'Qsy(7) pairs the representations in parentheses, with a positive definite
metric on 359 ® 352 and a negative definite metric on the remaining directions giving a
signature (70, 16), which is then inherited by the full space of structures Z. Focusing on the
Go case, or perhaps more generally the type-0 case, we will now discuss how the negative
deformations can potentially be removed. First one considers the space of exceptional
complex structures J (rather than Z), which removes the two singlet components in (5.47).
Then one takes the symplectic quotient by the normal subgroup of gauge transformations
generated by five-forms which removes the remaining 7 & 7 components.

An exceptional complex structure J determines ¥ up to rescaling by a function ¢ —
f1. Thus we can define the space of exceptional complex structures as a symplectic quotient

X, space of exceptional complex structures = Z JH. (5.48)

The Lie algebra of H is given by h ~ C°(M) and « € h acts via p, (1)) = i), giving the
moment map

pr(a) = / a(is(w,zﬁ))l/g, (5.49)
M
and in the quotient we set pug = volg for some fixed reference volume form. Since the
action preserves the Kéhler structure on Z there is then also a Kahler metric on X though
now based on the coset space E(7)/U(7) with signature (70, 14). The corresponding Kéhler
potential is given by choosing an arbitrary section ¢ € I'(U;) and calculating

K= /M log(is(@b,@)/volg) volp . (5.50)

The action of GDiff descends to X (strictly we need to restrict to the subgroup GDiffy C
GDiff that preserves volg, that is in the Lie algebra Ly voly = 0, but we will ignore this
subtlety). Hence one can define a corresponding moment map f on X given by

s(Ly, )

a(V) = /M W volp, (5.51)
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and define the quotient moduli space
Mopys = X JGDiff. (5.52)

We claim that this is isomorphic to the physical moduli space M, /C*, where the C* action
is the constant rescaling 1 — A3t. The point is that the vanishing of the moment map
(V) = 0 on X implies the vanishing of the moment map (V) = 0 on Z except for those
transformations that preserve J, that is Ly J = 0. However, such transformations simply
rescale 1. The effect is that for each J satisfying i = 0 the additional conditions from
p = 0 simply fix the particular section ¢ € I'(;). Up to an overall C* rescaling 1) — A3,
we expect one such solution for each J, and hence M is isomorphic to the physical moduli
space My, /C*. (This is completely analogous to the SL(3, C) structure case.)

If we focus on Gg structures, fixing an integrable J, the compatible ¢ can be written as

Y = et (5.53)

for some function f and with dp = d4 = d4 = 0. We note that the group G, C GDiff
of five-form gauge transformations forms a normal subgroup. Thus we can do the
symplectic reduction by stages, first reducing by G, and then by the quotient group
GDiff’ = GDiff/G,. As we saw in section 5.2, the form of ¢ we have written already
satisfies u(o) = 0 for all five-forms o. Hence the symplectic quotient just identifies
A ~ A+ do. Taking HS$(M,R) = 0, we have A ~ 0. By moving to the quotient space

X, = X )G, (5.54)

we have effectively removed 14 of the allowed deformations. Direct calculation in the Go
case implies that this removes precisely the negative directions in the metric, so that the
Kihler metric on X, is positive definite. Thus we have a conventional picture of stability
with

Mihys =~ X, JGDiff’ =~ XPS/GDiff;.. (5.55)

This suggests that, at least formally, the space of integrable Go structures, complexified
by including the closed three-form potential A, can be viewed as a GIT quotient of the
space of closed Gg structures. The E;(7) extension of Hitchin’s Gy functional K plays the
role of the norm functional.

A choice of 1-PS in this case should be a diffeomorphism corresponding to circle ac-
tions on M since the gauge transformations in GDiff are always non-compact. If the
diffeomorphism is generated by & € I'(T), fixed points of the 1-PS amount to solutions to

LeJ =0 where J=e(pf — ), (5.56)

where we have allowed for a non-trivial three-form potential. The value of the moment
map at the fixed point, suitably normalised, should give an integer invariant. This will be
the analogue of the Futaki invariant in Kéhler-Einstein geometry [100]. Furthermore, these
should be obstructions to the existence of solutions to the moment map. The simplest so-
lution to (5.56), is to take Lep = L¢A = 0. In this case, the SU(7) structure ¢ € I'(U;) can
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only depend on the circle action through the function f. One would expect that the integer
invariants would thus encode the topology of the line bundle U/, since the moment map is
independent of the choice of section. The obstruction is thus that the bundle must be triv-
ial, as we expect for the existence of a globally defined 1. More interestingly however, the
1-PS motion may lead to other types of solution to (5.56), most notably exceptional com-
plex structures with type-changes, perhaps associated to circle actions with fixed points.
These are structures J which are no longer type-0 in the whole of M. This is possible since
although the C* action generated by & preserves the cohomology class of ¢ and A, the forms
themselves may vanish or become singular at points in M. The moment map evaluated on
such solutions should again give some integral invariant of the closed G structure. Naively,
understanding such configurations would be key to formulating any notion of stability.

6 Moduli of N = 1 backgrounds

The generalised SU(7) structure we have described characterises generic N' =1 flux back-
grounds with a four-dimensional Minkowski factor. A natural question to ask is what is
the moduli space of these backgrounds? If the background is to be used for phenomenol-
ogy, this will tell us about the massless chiral superfields in the four-dimensional effective
theory (ignoring extra M-theory or stringy massless excitations localised at singularities,
since we are in the supergravity limit). Although the answer is well-known for Go com-
pactifications, very little is known about generic supersymmetric flux compactifications.
In this section we will use the generalised geometrical description to show how the moduli
are related to particular cohomologies. For Go this reproduces the well-known result that
the number of chiral fields is counted by the third de Rham cohomology H3(M,C). The
analysis trivially extends to generic type-0 SU(7) structures giving the local moduli space
as H3(M,C) @ HS(M,C). Remarkably it also gives a complete description of the moduli
for the GMTP solutions, completing an analysis first considered in [57].

As we have seen, the moduli space of a D = 4, N' = 1 background is given by
Mphys = My /C*, where My, is the space of torsion-free SU(7) structures modulo gen-
eralised diffeomorphisms. In section 5.3 we argued that if the infinite-dimensional GIT
picture is valid this is equivalent to X /GDiff¢, where X is the space of exceptional com-
plex structures. If we have a solution J, the local moduli space thus corresponds to a
finding the integrable deformations of J modulo complexified generalised diffeomorphisms.
As we noted, strictly the GIT picture is not necessarily equivalent because the metric on
X is not positive definite. However, assuming the critical points of K are non-degenerate
transverse to the orbit of GDiff, infinitesimally this will produce the correct moduli space.
A generic deformation then defines an element of the intrinsic torsion that must vanish
for the deformation to be integrable. The complexified generalised diffeomorphisms will be
generated by the Dorfman derivative and are necessarily integrable. This sets up a problem
in cohomology and it is this that we aim to understand better. We will start with a quick
review of the moduli of conventional complex structures as this will illustrate many of the
key ideas that we will use in analysing the deformations of SU(7) structures.
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6.1 Review of the moduli space of complex structures

Let us recall how the moduli space of integrable SL(3,C) structures arises. One starts
by considering deformations of an integrable GL(3,C) structure. Define Qgris,c)y =
GL(6,R)/GL(3,C) as the space of (almost) complex structures at a point p € M. This can

be viewed as
QGL(&C) = GL(6,R)/GL(3,C) = GL(6,R) - I = GL(6,C)/P, (6.1)

where GL(6,R) - Ij is the orbit of a fixed complex structure Iy under g € GL(6,R), and P
is the parabolic subgroup of GL(6,C) that stabilises L;

P = Stab L; = (GL(3,C) x GL(3,C)) x C°. (6.2)

The orbit picture means that deformations of the complex structure are parametrised by
a choice of element of glg ¢/p at each point in the manifold. In other words, one takes a
section of the vector bundle

glsc/P = QcrLie) — M. (6.3)

In practice one can view Q C ad Fr by choosing an embedding glec/p — glgc. In
particular, using the real structure one can decompose

glsc=0l3cPolcPqgdq,

(6.4)
p=glscoal3c®q,

where we identify the (nilpotent) subalgebra q ~ I'(T)-° @ T*!). The pair of gl ¢ algebras
and q preserve L; = T1° € Te. This means a deformation of L; at a point p € M can
formally be parametrised by &, € q alone, that so one can identify Qqr,3,c) =~ T @ T*1.0,
The deformed subbundle is then

Lll =e%L = (1 + @)Ll. (65)

L} can then be used to define L' | C T via L' ; = L} provided L} N L' ; = 0. Note that
nilpotency of q implies expa =1+ a.
As before, this new subbundle is integrable if and only if

14, L) € 14, (6.6)
One can check that for an arbitrary deformation parametrised by & we have

(e7%e™V, e W)™ = (1+ @), (VId,W™ — WA, V™) + VIW' (05 + &, 6]) ", . (6.7)

ST eL_

This gives the well-known result that a complex structure deformation is integrable if and
only if & satisfies the Maurer-Cartan equation.

da + [, a] = 0. (6.8)
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If one is just interested in the infinitesimal moduli at this point, taking & = €/, in the
limit € — 0 the condition is simply &8 = 0. In general there may be an obstruction to
extending this solution for finite ¢, although the Kodaira-Nirenburg-Spencer theorem states
there is no obstruction if the cohomology class HS’O(M ,T%1) vanishes. For the moduli space
one should mod out by deformations generated by diffeomorphisms. Infinitesimally, that

is of the form
Ly =(1+e€L,)Ly vel(T). (6.9)

Writing v = x +  for a unique x € I'(T"), one finds
Ly = (1 +€d7)Ly, (6.10)

where one views 07 € TI'(Qqr,c)). A deformation is then trivial if f = 0z for some
z € T(T%'). Hence we get the result that the infinitesimal moduli of GL(3,C) structures
is given by
1,0 ,
Hy" (M, T%). (6.11)

Finally we note that it is simple to connect this picture to the moduli space of SL(3,C)
structures. An integrable complex structure I defines a line of SL(3,C) structures U;.
Up to a constant C* rescaling @ — A2 there is a unique integrable structure Q € T'(U)
(that is one satisfying dQ2 = 0) for each complex structure I. Hence, we get the standard
result that the moduli space of integrable SL(3, C) structures is just H(})’O(M, T9HY @ C ~
Hy* (M) @ Hy* (M).

6.2 Moduli space of SU(7) structures

Now let us turn to the moduli space M, of SU(7) structures 1. As we have discussed,
locally the physical moduli space M,,/C* can be identified with the space of deformations
of J that remain integrable, modulo complex diffeomorphisms.

First, let us introduce some notation as we did in the previous section. We consider
the space Qu(r)xr+ of almost exceptional complex structures at a point p € M. This can
be viewed as

Qu(nyxr+ = E7¢y/U(T) = Eq(7) - Jo = E7 ¢/ P, (6.12)

where E7(7) - Jo is the orbit of a fixed almost exceptional complex structure Jo under E7(7
at some fixed point on the manifold, and P is the parabolic subgroup that stabilises L3

P = Stab Ly = GL(7,C) x C*2. (6.13)

By considering the orbit of Jy at all points on the manifold, we see that infinitesimal
deformations of the structure can be viewed as a sections of the vector bundle

erc/p = Queryxr+ = M. (6.14)

Again, in practice we will embed Qu7)xr+—rad F¢ by choosing an embedding erc/p —
e7.c. Explicitly, we write a generic infinitesimal deformation of L3 as

Ly — Lg = (1 + GA) - L3, (615)
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where we view A € I'(Qu7)xgr+) as a map
A: L3 — E(C/Lg, (616)

and then make a choice of embedding F¢/Ls < Ec. As the original subbundle Lj is
involutive, the intrinsic torsion vanishes. For a generic deformation A, L will have some
non-zero intrinsic torsion that appears as an obstruction to the involutivity of Lj with
respect to the generalised Lie derivative (or equivalently the Courant bracket). Expanding
to first order in € we get a differential map ds

da: T(Qurywr+) = TWH wt)s (6.17)

where sections of I/V[ijn(tﬂx]R+ are the intrinsic torsion for the deformed almost exceptional
complex structure.?® The L subbundle will be involutive if the intrinsic torsion vanishes,
and so the deformed structure will be integrable if and only if A € ker ds.

We also have the notion of a trivial deformation. As we have discussed, this corresponds
to the action of the complexified generalised diffeomorphism group GDiff¢. To linear order,
such deformations are given by the action of the Dorfman derivative. That is, we consider
L to be equivalent to Lg if

5= (1+4+¢€Ly)Ls for some V € I'(Eg). (6.18)
This defines a second differential map d;
d1: F(E(c) — F(QUU)XRJF)' (619)

A trivial deformation should automatically be torsion free — by the Leibniz property of
the generalised Lie derivative we have

Lw+6va(W/ + €va,) = LWW’ + e(LLVWW, + Lw(LVw/)) + 0(62)

= (14 eLy) Ly W' + O(€?) (6.20)

and hence any trivial deformation is indeed integrable. This is precisely the statement that
ds od; = 0 and so we have a three-term complex
d d -
D(Be) — T(Quryms) —2 TWiRL ). (6.21)
Assuming there are no obstructions, the local moduli space of the SU(7) structure is mod-
elled on the cohomology of this complex.
In the rest of this section we will calculate this cohomology for both the Go, generic
type-zero and GMPT structure examples. In the Gy case we recover the known result that
the moduli are counted by the third de Rham cohomology of the underlying manifold. In

the GMPT case, we find new results — the full set of moduli were previously unknown. We
will see that in both cases the ability to calculate the cohomology of (6.21) relies on finding

Z8From the discussion around (3.28), note that here W[ijr‘(t7>xm+ is strictly a complex bundle transforming
in the 1_7 @& 35_5 representation of U(7) x R*.
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a nice parametrisation of the embeddings E¢/Ls — E¢ and QU(7)XR+ — ad F(c. This then
leads to a description of the moduli in terms of cohomologies defined by differentials that
are naturally associated to the problem. For the Go (and general type-zero) case this is
the de Rham differential, while for the GMPT solutions it is the generalised Dolbeault
operator associated to the integrable generalised complex structure. One may hope that
the general case could be solved in terms of some natural differential associated to the Lj
bundle — we make some comments on this at the end of this section in 6.5, noting some
of the complications that arise.

6.3 Example 1: G2 and type-0 geometries

Recall that we can embed Gg structures into the language of exceptional complex structures
via the definition
Lz =e% . T¢. (6.22)

The involutivity of this bundle then gives dp = 0. A useful parametrisation of the quotient
spaces as subspace of Ec and ad Fg is given by
Ec/Lz ~ N’Tg @ AT @ (Tg @ N'TE),

(6.23)
Quryxr+ = NTE & NOTE.

It is worth noting that these are not eigenspaces of the exceptional complex structure J and
hence this is a different parametrisation to that given in (6.48) below. They instead come
from the natural deformations of the underlying exceptional Dirac structure defined by T'.
They are invariant under the map €', meaning they can equally well be viewed as defining
deformations of Ls. In the same way, we can also identify the space of the intrinsic torsion as

Wit xr+ = AT © N'TE, (6.24)

that is the space of intrinsic torsion of the Dirac structure.
If we take o € T'(A3T{) and B € T'(ASTE), the infinitesimal deformation is given by

L= (1+elatp)) o Te = D) T 1 O(E), (6.25)

where 3 = 5 — %go/\oz. Repeating the calculation in (4.10), we can use the twisted Dorfman
derivative and dy = 0 to find

involutive L < da=dg=0. (6.26)

Hence integrable deformations are given by closed three-forms and six-forms. For the trivial
deformations, writing V =v+w + o + 7 € I'(Ec) we have, since £,T = 0,

5= (1+eLy)e¥ T
= (1 —é(dw —do — ewﬁve_i@)) e Te (6.27)
= (1+¢(dw +do))Ls,
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where 0 = —w +iwp and 6 = —0 — %cp A 1,¢. Hence the complex (6.21) becomes
T(A2TE @ ASTE) —3— D(NTE @ ASTE) —4 D(AYTE @ ATT). (6.28)

where d is the exterior derivative, and the inequivalent deformations are counted by

{a € T(N3TY), B € T(A®TE) | da = dB = 0}

{a=dw,f = do} = Hj(M,C) & Hi(M,C). (6.29)

That is, the inequivalent deformations are counted by the third and sixth de Rham co-
homologies. For a Go manifold, the sixth de Rham cohomology is trivial and hence the
cohomology of (6.21) is counted by H3(M,C) alone. The imaginary elements are defor-
mations of the Go structure while the real elements shift the gauge potential such that
the flux remains zero. This is in complete agreement with standard analysis of the moduli
space of Gy compactifications of M-theory [8, 75, 76].

It is also clear from the way we have written these deformations that they are unob-
structed. The action of complex gauge potentials a + 5 can be exponentiated for finite €
as in the final term of (6.25), such that the linearised closure condition is enough to imply
the deformation is integrable. Thus the moduli space looks like H g’(M ,C) in a finite patch.
Formally this is the statement that there is an open subset of the moduli space V C My
containing this exceptional complex structure, an open subset U C Hg’(M ,C) containing
0, and a diffeomorphism V — U.

Finally we note that the Ga-structure calculation extends straightforwardly to a generic
type-0 structure. Recall these take the form

L3 =P . Tp, (6.30)

where a € T(A3TE), B € T(A®TE) and involutivity implies da = d3 = 0. By following the
same analysis as above, one sees that the deformations of this structure will again be given
by

H3(M,C) @ HS(M,C). (6.31)

This gives the moduli space of the class of supersymmetric backgrounds discussed in [20],
complementary to those analysed in [17, 19]. It would be interesting to analyse further the
conventional geometry of these solutions.

6.4 Example 2: GMPT geometries

As we saw in section 4.2, we can write the GMPT solutions as
Ls=e"[LV* ®Uy], S=C+8ie 3 Imds, (6.32)

where the upper/lower signs correspond to type IIA/B respectively and the O(6,6) bun-
dles are appropriately embedded into E77) x R*. As before, we will work in type 1IB
for concreteness but similar results hold for type ITA. We will use the notation set out
in section 4.2. In particular, recall that the generalised complex structure J_ defines a
decomposition of the generalised spinor bundles into in-eigenspaces ST = Sy @& Sy ® S_»
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and ST =538 51 ® S_1® S_3 where S3 ~ U; . We can always choose C' such that the
twisting X lies in Sy @ Sy since any component in S_g acts trivially on L.
We take the parametrisation

Ec/Ls="L77 ® (S ®S_1 ® S_3) & N°TE,

(6.33)
Quinxrr = A2(L77)* @ (So @ S_a) @ AOTE.

As before, these are not eigenspaces of J. Instead they are the spaces of natural defor-
mations of the underlying exceptional Dirac structure defined by L‘17i G U5 C E¢. Since
¥ € T'(Sy @ Ss), these spaces are invariant under the action of e* and hence can be used to
describe deformations of the twisted bundle (6.32). One can similarly identify the intrinsic
torsion

Wit e = ANLTD) @ (S0 @ S-p) (6.34)

as a subbundle of K.

We leave the details of the calculation to appendix C but to summarise, we note that we
deform the Lg bundle by ¢ € I‘(/\Q(L‘Z[)*), X=X0+x-2€T(So@®S_2)and © € T(AST™),
then assuming the dd”-lemma (C.5) [84], one can show that the integrable moduli are
counted by

e] € HY (M), [X] € HY(M) & H;*(M), (0] € HS(M,C). (6.35)

The differentials d; and 0 are operators associated to the generalised complex structure
given by ®_ in the IIB case, and are defined in [45]. The operator dj, is the differential
associated to the Lie algebroid structure L‘Z{. The operators d are not the Dolbeault
operators but are the generalised Dolbeault operators defined on the spinor bundles by the
decomposition of d = d + 0. Hence we have

dp: AP(LI7) = APYYLTDY* 90 Sp — Saoy. (6.36)

We see that the operators in the complex (6.21) are both given by dj, + 0 +d acting on the
appropriate bundles. The second comhomology group of dj, counts the deformations of the
J- generalised complex structure [45]. The d cohomology groups count the deformations
of F' and Im®,. Since M is a generalised Calabi-Yau manifold, the cohomologies of df,
and 0 are actually isomorphic. We see that apart from the top form (which just measures
the Wilson line for the dual NSNS six-form potential B), all of the moduli are counted by
natural differentials associated to the integrable SU(3, 3) structure of the GMPT solutions.
This includes and extends the results of [57], where the moduli of & keeping ®_ fixed
(and vice versa) were examined. It was also suggested that one might be able to find the
full moduli space by varying ®_ and Re ®, independently while satisfying their closure
conditions. It was hoped that one could then find a solution to the Im ® equation by ex-
amining critical points of a modified Hitchin functional by varying over a fixed cohomology
class. This allows an estimate of an upper bound for the number of moduli in this case. In
contrast, we are able to find the exact number of moduli by finding variations of ®_ and

Im @, such that
dd_ =0, F=-8d7(e4Ima,). (6.37)
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The final condition d(e 4 Re®,) = 0 is imposed by the vanishing of the moment map.
However, as we have mentioned, imposing this is equivalent to quotienting by GDiff¢ and
hence we get it without imposing a further differential condition. As we have noted several
times, this construction works only away from sources and hence these deformations do
not account for deformations of branes or orientifolds.

We can see how each of these deformations affects the form of Ls:

=1+, (6.38)
Fopy %d(Re(;z‘u + ), (6.39)
Im®’, =Im®, + %e?’A Im(¢p + Xx)- (6.40)

Here p is a polyform in I'(S2), related to ¥ and defined in appendix C.7. As noted by
Hitchin [44], Re ® is determined by Im @, and hence these deformations determine the
full solution {®4,®_, F'}. Note that a small deformation of a GMPT solution remains
within the GMPT class. GMPT describes all N' = 1 solutions for which the two internal
spinors are nowhere vanishing — this is an open condition and hence will not be changed
by small deformations [47, 57].

Finally we consider the existence of obstructions to the linear deformations described
above. We begin with the observation that a polyform deformation can be lifted to a
finite deformation simply by promoting it to an exponential. Indeed this is precisely what
we have done in the derivation above. The real question then is whether there are any
obstructions to the generalised complex structure deformation € € I‘(/\2(L;7])*). A result
due to Hitchin [44] states that all deformations of generalised Calabi-Yau structures are
unobstructed. Since we have a global ®_ that satisfies d®_ = 0, we have a generalised
Calabi-Yau structure defined by J_. Taken together, this would seem to imply that the
moduli are unobstructed, much like in the previous Go case.

6.4.1 Calabi-Yauas N =1

As we saw in section 4.2, we can embed a Calabi-Yau compactification in type IIB via
L3 _ eie—‘/’(wféw/\w/\w) [TO,l ® T*l,O ® (Ce3Af<pQ]‘ (6.41)

As is shown in [45], for ®_ o Q the generalised Dolbeault operator d reduces to the usual
Dolbeault operator associated to the complex structure defined by 2. It is also shown that

H3 (M) = HX(M,C) ® HY(M,T,") @ H3(M, N*T¢"), (6.42)
3

Hg(M) = P Hy'(M,C), (6.43)
=0

H*(M) = Ho*(M,C) ® Hy* (M, C), (6.44)

where the cohomologies on the left-hand side are with respect to the generalised Dolbeault
operators and those on the right-hand side are with respect to the usual Dolbeault opera-
tors. Using the isomorphism provided by the three-form €2, we see that the moduli of such
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a solution are counted by the Hodge numbers
h2’1 + (h070 + hl’l + h2,2 + h3,3) + h3’3. (645)

Note that these are the complex dimensions. Here h%! corresponds to the deformations
of the complex structure associated to €2. The real part of the Dolbeault groups in the
parentheses corresponds to shifts in the RR polyform potential C'. The imaginary part
corresponds to shifts in Im @, , which count deformations of the Kéhler potential w, and the
NSNS fields ¢ and B. Notice that we have one extra, non-physical modulus here. Finally
the real part of the final Hg’?’ gives deformations of B € T'(AST™), the six-form potential dual
to B. Again we have an extra, non-physical modulus given by the imaginary part of Hg’3.

The two extra, non-physical moduli correspond to changing the N' =1 C A = 2 that is
picked out by our formalism. These moduli do not change the SU(8) structure (which gives
us the physical fields in the theory), though they do rotate the SU(7) C SU(8). Indeed, we
note that choosing an N'=1 C N = 2 is equivalent to choosing a U(1) C SU(2). Hence
there are 2 real or 1 complex parameters that encode this choice, precisely the counting we
have. Note that these extra moduli appear only for Calabi-Yau compactifications as they
are really NV = 2 — a generic GMPT solution is a genuine N' = 1 solution and hence all
the moduli are physical.

6.5 Comments on the generic moduli problem

We would like to calculate the cohomology of the following complex for a generic integrable
Ls C E¢:

(Ec) -5 D(Qurwr+) ~2 TIWEL o0). (6.46)
We can use the SU(7) structure to decompose the bundles as J eigenspaces follow-
ing (3.17), (3.16) and (3.25)

Ec=%30 (AN’ X")1 0 (NX) 10X,
ad it = ad Py(pyxp+ ® (A°X)2 @ (A%X)5 @ (A*X") 2 @ (A°X%)_y (6.47)
Wity s = (AN'X*) 5 @ (NXF) 7
where X transforms in the 7 of SU(7). A natural parametrisation of embeddings is then
Ec/Ls = (N°X* )1 ® (N°X)_1 @ X 3, Quexer = (NPX) 2@ (A°X")_s. (6.48)

As L3 defines an integrable U(7) x RT structure, we have a torsion-free compatible con-
nection D. Since d; and dy are defined in terms of the Dorfman derivative Ly and D is
torsion free, we can replace all Dorfman derivatives with LT, as in (3.12). This implies the
maps d; and ds can be written in terms of D. Moreover, viewing the derivative as a map
D: R — E*® R, for any given generalised tensor bundle R, we can decompose E* and
hence D into operators

D=D3+D_1+ D +D_3s. (6.49)

The compatibility of the generalised connection ensures that these operators map U(7)
representations into U(7) representations in a way that will be clear in a moment. We
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can think of these operators as the generalisation of the Dolbeault operators to SU(7)
structures.

Describing the operators dj,ds in this parametrisation, one finds that the com-
plex (6.46) decomposes as

T(A2E ) — 2 T(ABE) .y — 2% D(AE) s

F(A73€*)_7 (6.50)

r(x*,)

Note that the involutivity of L3 implies that (D_3)2 = 0. In fact L3 defines a Lie algebroid
and D_jz is the associated differential

D_g: \PX* — APTLx*, (6.51)

similarly to the situation for a Dirac structure in [45]. It seems likely that under certain
assumptions — notably some generalised version of the 9-lemma — it is possible to write
the cohomology of (6.46) in terms of the cohomology groups Hy, (M) of D_3. This would
be in line with the theory of deformations of complex structures [101], generalised complex
structures [45], or more generally Dirac structures [102]. However the existence of the Dy
action between X* ; and A3X* , makes the analysis considerably more subtle than that for
the Go and GMPT examples.

7 Discussion

In this paper we have rephrased generic N' =1, D = 4 flux backgrounds in both M-theory
and type II theories in terms of integrable SU(7)-structures within E7(7) x R* generalised
geometry. The differential conditions on the SU(7) structure took the form of involutivity
of a certain subbundle defined by a U(7) xR* D SU(7) structure, and a moment map for the
combined action of diffeomorphisms and gauge transformations. We showed how the exam-
ples of a conventional Ga structure and the GMPT solutions can be understood as SU(7)
structures, and discussed how our formalism allows an elegant derivation of the moduli of
these solutions, extending previous results for the GMPT example. The space of involu-
tive SU(7) structures admitted a natural pseudo-Kéhler metric meaning the moment map
condition could also be viewed as a complex quotient. This connects to the formalism of
Geometrical Invariant Theory (GIT). We showed that the Kéhler potential K on the space
of structures plays the role of the norm functional, and can be viewed as a generalisation
of Hitchin’s Go functional. In particular, we showed that extremising KC over the space of
complex generalised diffeomorphisms reproduces Hitchin’s extremisation procedure in the
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case of closed Gy structures. Physically, the pseudo-Kéahler metric is just a result of view-
ing the ten- or eleven-dimensional supergravity theory as a D = 4, N’ = 1 with an infinite
number of chiral fields parametrising the SU(7) structure. We derived the generic form of
the superpotential for this reformulation and showed that it agreed with known examples.

As for example recently emphasised in [16], despite significant progress in constructing
examples, Go manifolds are far less well understood than, for example, their Calabi-Yau
cousins. Hitchin’s functional picture raises the hope that there might be a unique Gso
manifold (up to diffeomorphisms) for each stable closed three-form . However, there are
examples where this does not hold [103]. The moment map picture here suggests that there
might be a notion of stability that picks out those closed structures that admit a solution.
As we have stressed, a subtlety is that the Kéhler metric on the space of structures is
not positive definite. This means that stability may only be a sufficient condition for a
solution. However we showed that, precisely in the Go case, the moment map is partially
solved in a way that appears to remove the negative part of the metric, so that one is left
again with a conventional GIT picture. The one-parameter subgroups relevant for stability
would correspond to circle actions on the manifold, and in analogy to the Futaki invariant
in the Kéhler-Einstein case, there should be invariants associated to actions that leave the
exceptional complex structure unchanged. The interesting actions are those that have fixed
points where the structure undergoes type-change.

Another immediate area it would be interesting to explore is the explicit construction of
flux backgrounds with potential phenomenological applications, and in particular identify
their moduli. We note that the type-0 solutions are particularly simple extensions of Go
holonomy, and notably give a case where the calculations here completely determine the
moduli. The same is true for type IIB GMPT solutions where the underlying generalised
complex structure is actually just a conventional complex structure. Important in both
cases would be understanding the role of sources, particularly orientifold planes, necessary
for the background to be compact. For example one might consider the explicit GMPT
solutions on solvmanifolds found in [104] and [105]. Closely related to this is the question
of how calibrated cycles appear in our formalism. For Go compactifications, calibrated
cycles also play an important role in non-perturbative physics. It would be interesting to
understand how these cycles, as well as “generalised calibrations”, can be encoded in our
language. In Hitchin’s generalised geometry, there are a large number of results relating
the defining pure spinors to generalised calibrations [92, 106—-108] and we note that this
was extended to generic N' = 2 AdSs flux backgrounds in [109].

There are a number of other interesting directions for future study. An obvious gen-
eralisation is to backgrounds with an AdS factor instead of Minkowski. In some ways, this
might be a richer problem to consider as one can have non-trivial fluxes without requiring
the internal space to be non-compact. Roughly speaking, a consideration of the intrinsic
torsion indicates that the involutivity condition will be deformed to include a non-vanishing
singlet torsion (effectively the inverse AdS radius). We expect one will again have a moment
map for the action of GDiff so that one can view the moduli space as a symplectic quotient.
Unlike the Minkowski case, the moduli space is expected to be real, so we will not be able
to reduce the moment map to modding out by the complexified symmetry group. These
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AdS backgrounds will be dual to 3d, N/ = 1 CFTs, and the moduli of these backgrounds
will give marginal deformations of the CFTs. We hope to return to this fascinating topic
in the near future. Some interesting results on 3d, A/ = 1 theories coming from heterotic
strings on Go manifolds were also discussed in [110-112].

Much of what we have discussed can be repeated for type I and heterotic theories,
where the relevant generalised geometry is based on O(d,d+n) x R* [67, 113]. Again, one
finds that supersymmetry corresponds to the existence of an integrable G-structure, and
the integrability conditions split into an involutivity condition and a moment map. One
expects similar explicit expressions for the Kéhler potential and the superpotential, as well
as the moduli and the cohomologies that governs them, which all can be compared with
previous results. There should again, formally, be a GIT picture of the symplectic quotient,
and it would be interesting to compare, for instance, with the “dilaton functional” recently
used by Garcia-Fernandez et al. [114] to argue for a Calabi-Yau type theorem for heterotic
geometries.

Topological string theories on backgrounds with H-flux are described by generalised
complex geometry [26, 115-117]. The SU(7) structures we have described should give
an extension of this to backgrounds with RR flux or to M-theory. Recall that there has
been a proposal for topological M-theory [118, 119] based on Hitchin’s formulation of Gg
structures [34]. It would be particularly interesting to quantise these models following the
prescription laid out in [26]. Note that some work in this direction has already been done
in the case of Gy and generalised Gg structures [120, 121], although these results did not
match with topological string calculations upon reduction. In light of our results, this is
not so surprising. The natural generalisation of the Hitchin functional is the SU(7) Kéhler
potential. The moduli space calculation shows one should include fluctuations that are
deformations by both exact three- and six-forms. Even though H§(M,C) is trivial, these
fluctuations can still contribute to the one-loop calculation.

Finally one might also use the formalism to address higher-derivative corrections to
supergravity. These are essential for turning on fluxes on compact spaces: in M-theory, for
example, eight-derivative R corrections to the action of eleven-dimensional supergravity
contribute to the stress-tensor and can be balanced against those of the four-form flux,
permitting non-trivial fluxes on compact spaces. Even at this order, the full set of correc-
tions is not known. Following recent work [122], one might hope to extend the relevant
generalised geometry to capture the higher-order corrections. One would no longer have a
Leibniz algebroid, but a more general Lo, structure. One might hope that this structure
is enough to constrain the form of the flux corrections, or even predict to higher orders in
the derivative expansion. An important related question is whether a given supergravity
background defines a good classical string background. That is, given a supergravity solu-
tion, can one correct it, order-by-order, so that it solves the full classical string equations
of motion, including all higher-derivative corrections? The simplest case of a Calabi-Yau
background without flux is known to provide such a good starting point [123]. Under-
standing whether this also holds for generic flux backgrounds is a difficult and important
problem [124]. A similar space-time analysis has also been performed for Gg manifolds in
M-theory [125], where it was found that Gy holonomy is corrected order-by-order to a Go
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structure. There is no world-sheet calculation for this case, leaving one unsure of what
space of structures the flow takes place in. Indeed, it was conjectured that the corrections
are such that the defining three-form is always closed — this might be akin to imposing our
involutivity condition but relaxing the moment map condition. (Analogous deformations
play a role in corrections to the notion of stability for D-branes [126].) In both of these
cases, it was useful to analyse the corrections using effective field theory and the space-
time superpotential and Kéahler potential. One could imagine using the formalism we have
outlined to show that upon including higher-derivative corrections, the torsion-free SU(7)
structure flows to an SU(7) structure with torsion, implying that supersymmetry is enough
to guarantee the existence of the corrected classical string background.?’
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A Conventions

We use the musical isomorphism to denote raising or lowering an index with the conven-

tional metric. For example, given a vector v or a one-form w, we have a one-form v* = gv

and a vector wf = g~ lw.

The Mukai pairing [45] of two polyforms « and 3 is

(o, B) = a/\)\(ﬁ)]top, (A.1)

where \ reverses the indices of the components of 3, so that for a p-form A(B8)mymy...m, =
Bmy...mams» and we project to the top-form.

B Embedding of O(6,6) C E;z(7) X R for type IIB

We will follow the conventions and notation of [32] for Ez ) x R* generalised geometry
applied to type IIB. Recall that the generalised tangent and adjoint spaces and their de-
compositions into O(6,6) generalised bundles take the form
E~Ta2T" & N\3T* @2\ T* @ (T* @ A°T*)
~ Eo@6 @S~ @ (AT ® Eo ),
ad F ~ 4R @ (T @ T*) @ 2A*T* @ 2A*T @ ANT* @ 2A5T* @ 27T
~ 4R @ ad Foe6) @ ST @ (AT ® ST) @ AT* & AOT.

(B.1)

29 Assuming the background also obeys flux quantisation.
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We use the following rules for embedding the O(6,6) structures into the Er(7y x R* struc-
tures for type IIB.

E — F
0(6.6) , (B.2)
v+ A v —s'A
ad Fo(&@) — ad]*:‘
1 1 1 ik odi ok i i (B-3)
r+ 08+ B~ étr(r)—i— r— §H tr(r) —|—Ztr(7“)(7" €jks” + s'ejprt) — s'B 4+ 1'f,
St s adF
— . . (B.4)
Yo rteiprt Y0y + 1780y + By + 5"X(g),
ST —FE
(B.5)

Y Tiz(l) + X3+ Si2(5),
where ¥, € ['(AFT™*) are the components of the polyform A and r?, s’ are real constant

SL(2,R) doublets such that €;;7%s’ = 1.

C Detailed calculation of GMPT moduli
We have the parametrisation
Ec/Ls =" (L7 @Uy | @S @ 5.1 & (AT o (LY & L77))), (C.1)
Qur vy = (ALY @ (So @ S_a) & AT )e ™, (C.2)

where we have used A°T* ~ AST* @ T. We take x = xo + x_2 € ['(So @ S_3), € €
F(/\Q(L‘ly‘)*) and © € T'(AST*) and consider the following generic deformation

Ly=eS[L7 @Uy] — L= eStunar ©3Ca0 L= g0, (C.3)
where
S=C+8ie 3 me,, L =(1+e)Ld, U =(1+AUs (C.4)

The latter two define a deformed generalised complex structure J°. Note that ®* =
(1 4+ #)®_ is indeed the pure spinor associated to Lfi. We define € I'(S2) in the
following manner. Firstly, in what follows we will make the same simplification as in [57]
and assumed that the generalised complex structure J7_ satisfies the dd”--lemma [84]. For

us this will mean that
im 9 Nker @ = im 0 N ker @ = im 00, (C.5)

where 9 and 0 are the generalised Dolbeault operators of J_. With this we have

(d¥) =0 = 0%y = —0%_o
=  90%) =0 (C.6)
= 820 = 66041
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for some o € I'(S1). We then define
=2+ Oa. (C.7)

Note that Oa; is not uniquely defined — the ambiguity is some element of I'(.S3) that is
closed under 0. As we will see, this ambiguity can be absorbed in the definition of y. For

definiteness, one can see that the deformation (C.3) to linear order is given by
e¥[e + (¢ + x) + (0 — (8, x))le™ € T(Qr+xu(n))- (C8)

It is important to note that this is a globally well defined section of Qg+ 1 (7) because F is
in a trivial cohomology class. This is guaranteed by the generalised d0-lemma and means
that the gauge potential C is a global polyform.

We now calculate the conditions for integrability of Lj. Following the results of sec-
tion 4.2, we find that we have integrability only if

VA J=
[Ly 7, L1 Joe) < LY (C.9)
From [45] this implies
dL€ = 0, (C.l())
where dp, : F(/\p(Lf’ )*) — T(APT! (L‘f’ )*) is the differential associated to the Lie algebroid
structure L‘ljf. This means that ¢ and 0 commute as operators on S:

0f = #0. (C.11)

Letting Sy, S;, be the eigenspaces of S with respect to J_, J° respectively, we further
require

[A(S+Zpu+x +7'0)]se | = [A(S+ fu+ x +7'0)]s=, =0, (C.12)

where the notation above means the projection of the polyform onto S%; and S¢ 5 respec-
tively. We will still use subscript indices to denote projection onto .S,,. Working to linear
order in the deformation parameters and using the integrability of L3, we find

0=1+¢+A)AE+gp+ x +7'0)] 1 — g[dX]; — £[d¥] -3
= [dgp]-1 + [dx]—1 — #[dX]x
= ¢z + Oxo + Ox_2 — #0%9 — £0%0

_ _ , _ (C.13)
= ;Z(OZQ + 52‘88041 — ﬁ(aZg — 52‘(920 + dxo + Ox—_2
= #0%0 — #0%0 + Ox0 + Ox 2
= Ox0 + Ox—2.
We also have
0=1+¢+AAE+ep+x+7'0)] 3 —¢dY] 4
= [dx]-3 (C.14)
= 5)(—2-
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Taken together, we see that the integrability conditions are
dre =0, dxo + Ox—2 =0, dx_2 = 0. (C.15)

We can simplify this further. Using the dd/--lemma we see that we can write Oy_o =
d0n_1 for some n_1 € T'(S_1). Then, defining Yo = xo +On_1, we see that the integrability
conditions become

dLE = 0, 6)20 = 0, 5)(_2 =0. (C.lﬁ)

Note again that dn_; is only defined up to a term that is O-exact. We will see shortly that
these terms correspond to trivial deformations.
To find the form of trivial deformations we take

V=e(W4cd +U+v+rio+7), (C.17)

where W € T(LY™), U € T(LY}), c € C®(M), v =11 +v_1 +v_3 € [(S; ® S_1 & S_3),
o € D(A’T*) and 7 € T'(T* @ ATT*). Then we consider

Ly =1+ Ly)Ls. (C.18)
After a lengthy calculation we find that to linear order in V' this deformation is given by
eZ[dLU + (A U)p + (dv)o + (dv) o + 7i(dé — (2, (dv)o + (dv)_2))]e = (C.19)

which is a section of I'(Qg+u(r)). Here 7 is a 5-form that depends on o, v and U and
is of the form & = o + f(v,U) where f is some function whose form we do not need. A
deformation is trivial if and only if

e = dLU,

= Ovy + Ov_q,
X0 71/1 V-1 (C.20)
X—2=0v_1+0v_3,

0 =dos.

We can simplify this further using the dd”--lemma. Notice that we can write dv_3 = 9On_o
for some 7_5 € T'(S_5) and hence x_» is trivial if x_o = d(v_1 + 9n_2) = Ov_1. Moreover,
if we calculate Yo from these we find that ¥y = 09y for some oy € T'(S;). Hence trivial
deformations are given by d-exact Yo and x_o.

All of this shows that the inequivalent deformations are controlled by the following
disjoint complex

(L)) —2s AL ) —2 s A3

S o So 9 S,
(C.21)
S, g S, 9 S
AT 4 AbT

— H8 —



and so the deformations are counted by the cohomology

Open Access.

H3, (M) & H)(M) & H;*(M) & H§(M,C). (C.22)
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