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Abstract
In this paper, a fundamental solution for the Mindlin plate theory with damping is derived in
the Laplace transform domain first time. The applications of this fundamental solution are
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1. Introduction

In metal cutting, the effects of the cutting forces are extremely important as this can
mean a difference between successful/unsuccessful machining. The cutting forces give rise
to the dynamic response experienced in both the workpiece and tool/machine. This response
can either be stable or unstable (regenerative severe vibration known as chatter). Surface
dimensional error is also induced by the deflection of the workpiece or tool. In the interest of
achieving higher material removal rates, optimum cutting conditions are required. It is due to
this reason that there have been quite a number of studies in the literature into the response
of the workpiece and tool to the cutting forces.

The cutting force system experience in milling is highly nonlinear and complex. A
range of models both analytical and numerical modes have been proposed in the literature to
predict the cutting forces, some of which are sometimes tool and workpiece geometry and
material dependent. One of the most favoured approaches to predicting the cutting force in
milling is to assume the force is proportional to the uncut chip thickness (see Tlusty and
MacNeil [1]). Altintas and Engin [2] gave a general definition of the model for different
tools and Gradisek et al. [3] furthered his work. The proportionality constants are known as
the cutting force coefficients. These are either obtained through Merchant force definitions
for (as shown by Altintas [4]) or through mechanistic approach (Gradisek et al. [3]). Either
of these methods have lead to very good predictions of the cutting forces acting on the
tool/workpiece (Altintas [4]).

To model plate structures, we have two main theories: classical thin plate theory
(Kirchhoff’s theory) and the shear deformable plate theory (Mindlin-Reissner’s theory).
Numerical methods to solve plate problems, such as the finite element method and boundary
element method, have been well developed since the past decades for both thin and thick
plate problems. Apparently, the Kichhoff’s theory ignores the effect of shear deformation
through the thickness and therefore the elasticity waves are not able to be captured accurately.
Ratchev et al. [5] proposed a finite element to model the error in machining of thin wall
through the deflection induced by the cutting forces. The finite element is used to obtain the
dynamic response of the workpiece during cutting. Tsai and Liao [6] also developed a finite
element model to predict the dimensional error induced by the cutting force model. The
finite element method was also used by Bravo et al. [7] to obtain the dynamic properties of
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the workpiece for different modes and these properties were used to obtain the dynamic
response to the cutting force.

The boundary integral formulation was introduced to reduce the dimensionality of a
problem by Simogliana in elasticity theory (see the most comprehensive review of the
boundary element method by Cheng et al [8]). For shear deformable Reissner/Mindlin’s
plates, the boundary integral equation method was reported by Vander Weeén [9] for static
problems. Ante et al [10,11] firstly derived the fundamental solution for Reissner plate in the
frequency domain and demonstrated its application for dynamic problems. Later, the direct
boundary element formulation for Reissner/Mindlin's plate bending under dynamic loads
was presented by Wen et al [12], in which the fundamental solutions of displacement and
traction in the Laplace transform domain were derived using displacement potential
functions. Recently, the fundamental solutions for a Mindlin plate resting on an elastic
foundation were derived by Wen [13] and the method of fundamental solution was
demonstrated. In their work, the behaviour of the three flexural waves, i.e. slow flexural, fast
flexural and thickness shear waves, was studied comprehensively. Chen et al [14] derived
the general and the fundamental solutions of varied orders of thin plate, Berger plate, and
Winkler plate. These solutions can be used for the multiple reciprocity BEM, dual
reciprocity BEM etc.

In recent years, there has been a growing interest in meshless method for the
numerical solutions, see Atluri [15]. The method of fundamental solution is regarded as one
of the mesh free methods since MFS does not require an elaborate discretisation of the
boundary. The integrations over the boundary and domain are avoided successfully and the
solutions in the interior of the domain are evaluated without extra treatments. The main idea
of the MFS consists of approximating solutions by linear combination of fundamental
solutions with respect to the source points, which are located outside the domain. This
method was originally introduced by Kupradze et al. [16] and was successfully applied for
solving a wide range of boundary value problems, when the fundamental solution is
available for the governing partial deferential equations. The method of fundamental solution
which was applied firstly to the Kirchhoff plate on a Winkler’s foundation was found by
Wen [17-18]. A comprehensive review of MFS for two and three dimensions elasticity was

given by Marin et al. [19] and for diffusion equations by Chen et al. [20].
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The effect of impact dynamics in milling of thin-walled components was investigated
both experimentally and numerically by Davies et al. [21]. An approximate technique called
single-mode Galerkin projection was employed to obtain an ordinary differential equation
that describes the workpiece dynamics. However, the effect of elasticity waves traveling in
the plate can not be captured by using Kirchhoff plate theory. Further more, the influence of
the movement of the cutter on the plate surface should be taken into account particularly for
high speed machining, which makes the numerical modeling more difficult. To investigate
elasticity waves due to cutting forces with higher accuracy, Reissner/Mindlin’s plate theory
needs to be introduced as discussed in details by Wen et al. [12]. Considering the shortage of
analytical and numerical investigation for the moving forces, this paper deduced the
fundamental solution in the Laplace domain for moderate thick plate (Reisnner/Mindlin’s
theory) with damping. These fundamental solutions can be used to derive the boundary
element formulations directly. However, the applications of this fundamental solution in this
paper are demonstrated only by MFS, one of the mesh free techniques, for a dynamic cutting
force moving on the plate surface. The response due to a moving cutting force has shown to
be significant. Comparisons are made with analytical solutions for a simply supported plate
to demonstrate the accuracy and convergence of MFS. It is well known that there are still
problems of stability and convergence for the method of fundamental solution and the
inversion of the Laplace transformation too. However, we are still able to obtain stable
solutions in the large range selections of free parameter particularly for the elasticity wave
propagations. There are a large number of articles dealing with the stability of the MFS and

the inversion techniques of the Laplace transformation.

2. Fundamental solution for Mindlin’s plate with damping
With the small motion assumption, the governing equations for deflection and

rotations for moderate thick with dynamic load and damping force can be expressed, see
Wen et al. [12], as

D ph?® o°w,
E[(l—V)VZWa + 1+ V)W 4, ]—Kph(w&a +W,) = SRy

2 M
oW,
at 2

(77, +w,.,) ~0 T+ 4(0) = ph
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where q(t) is applied load in the domain and w, (see Figure 1) denotes rotations with
respecting to the axis x, and w, is the out-of-plane deflection, where Greek indices vary

from 1 to 2. Parameter x denotes the shear coefficient (x = 7% /12for Mindlin’s theory and
x=5/6 for Reissner’s theory respectively), the bending stiffness of the plate
D =Eh®/12(1-v?), the shear modulus z=E/2(1+v) and h denotes the thickness of the
plate, p is the density of the plate, E and v are elastic constants and c is the damping
coefficient. The components of moment M, and shear forces Q,, can be written, in terms of
displacements, as

1-v 2v
Maﬁ :TD(Wa’ﬂ +W,8,a +rwy'75aﬂj

|4
Qa = K/‘h(wa + W3,a)

in which J,, denotes the Kronecker delta function. Considering the Laplace transform of a

)

function f(x,t)

LLF(x0] = f(x p) = [ F(x.t)e ot 3)
0
where p is the parameter of the Laplace transformation. Applying the Laplace transform to

the governing equations (1) results

6D|(L—v)V2W, + L+ V)W, ,, |-12keh(W,, +W,) = ph®p?®,
4)

Keh (V20 + W, ) — cpW, + G = php®W,

It is apparent that the rotations and the deflection can be written in terms of three
displacement potentials ¢, (k =1,2,3), see Sih et al. [22] and Wen et al. [13], as

W, = (& — Dy, + (5, ~ Dy + s,
Wz = (51 _1)¢1,2 + (52 _1)¢2,2 + ¢3,1 (5)
W, = ¢ +¢,

where non-dimensional parameters £, are two roots in the following equation, for the

Mindlin’s plate (i.e. x =7°/12), as
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)| p[p, 24 [ b
{14_[@0] }Z w, {a)o +(1—v)7r2[c+a)o}}§

(6)

A-v)z? o, o,
where , denotes the cut-off frequency c,/h, ¢, = \/m is the velocity of shear wave
and non-dimensional damping coefficient € =c,c/zu . As in the Laplace domain, the
parameter p is complex, thus the two roots of the above equation &,are complex values in

general. Substituting (5) into (4) gives the Helmholz type differential equations for
displacement potentials as the following

(VZ-a?)p =0 k=123 @
where
> 12 pl_.p
= —|CT+—| =12 8
aﬁ gﬂhg 0)0|: COO:| IB ( )
and

ol = ’;—j{u [a)ﬂJ ] 9)

For a symmetric problem with respecting to the axis x, , the general solutions of the above

equations can be obtained (see Wen et al. [12] for plate bending) by Fourier transformation

as
27 —Aix

¢ = —IAl(s)e 2 cos(sx, )ds
7[0

oo}

¢, = EJ'AZ(s)e*ﬁzxz cos(sx, )ds (10)
74 0

@, = EIAg (s)e " sin(sx, )ds
T 0

where B2 =s® +a/ and A, (s) are unknown coefficients which are to be determined by

boundary conditions for each point force. Therefore, we have the rotations and the deflection

as follows
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0, = 2 [l £)sA ()6 + W= &,)5A, (e — f, Ay (s)e ™ Jsin(sx,)ds

4 0
W, = %]8 [(1— E)BA(S)e e +(1-&,)BA (s)e 7 —sA (s)e /" ]COS(le)dS (11)
W, = ET[Al(s)e‘ﬁixz + A, (s)e ]cos(sxl)ds X, >0

T 0

The components of moment l\ﬁaﬂ and shear forces (ﬁa in transformed domain can then be

obtained as

M., = %J.[(l— &) —vB)A(S)e ™ + (1= &,)(s* —vB; ) A (s)e
—sB,(L-V)A,(s)e ]cos(sxl)ds
M., :27[)“(1—51)("52 —BA(s)e M + (1= &,)(8° - B ) A, (s)e "

(12)
+5B,(L—v)A,(s)e ]cos(sxl)ds
i, =420 S O
+(BZ +s*)A,(s)e ]sin(sxl)ds
and
G -2 T BaA e+ sE A G+ AA (e bin)is
(13)

G, = -2 FEBEAGRT 4 B A G A e Jos(sx)as

For example, considering a quarter of infinite domain and one point moment acting at the

origin, three coefficients A, (s) are obtained

—_; _; _ 5(52_51)
A i —ay Y i —ay ) T i@ —ani, -

Consider the relationship of integrals with the zero-order modified Bessel function

J- cos(sx,) ,/szmjzxz ds

,/S +0( (15)
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in which K, (z,) represents the zero order modified Bessel function and r = \/x” +xZ . The

general form of fundamental solutions for rotations and deflection Uik in the Laplace domain

for three unit concentrated force (point forces) can be written as

~ 1
TRy SR .
~ 1
U 3 ’ = 2 h,a
(. P) 7(l-v)Da; (&, - &)
and
J (X p) — (l_§2)(1_§1) h
T 2mah(g, - &) -
~ 1
U33 (X’ p) = _M[(1_52)K0(21) - (1_51)K0(22)]

where z; = a;r and non-dimensional functions

f=Q0-28)Ko(2) - (-&)Ko(2,) = (&, = &) Ko (23)

9=(& -&)as Ko (2,) (18)
h=K,(z,)-K,(z,)

By the use of the property of modified Bessel functions, the fundamental solutions for the
displacement fundamental solutions can be rewritten as

~ 1

Yoy = DL-v)al (&, - &) [(1_51)051K1(21) -(1-&)a,K,(2,) - (S, _‘fl)aaKl(zs))

(2,7 = 8,17 +(@-&)af Ko () — - &) Ko (2,) (19)

(&, - 51)05; Ko (23))r,a ry+ (&, - 51)053? Ko (23)5aﬂ]

~ 1

U, = ﬂD(l—V)d? & -&) [alKl(Zl) -, Kl(ZZ)]r,a (20)

JSa == 2(1-[;3()?2- __é;ll)) [al Ki(z,) -, Kl(ZZ)]r,a (21)

g, - 4-&)-8) {Ko(zl) . Ko(zz)} 22
2rith(8, - &) | L-&) (1-&,)

Then, the traction fundamental solutions are obtained from the relationships in (2)
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T =
272-6!3 (52 _681)
2,Ko (2] = (&; — &1)as[2K, (25) + 25K (25)]} %

{_{(1_ &a[2K (z,) +2,K (2))] - (L= &), [2K, (2,) +

2
r_2[4r,a r,ﬁr,n - (r,a nﬂ + r,ﬁna + r,naaﬁ)] - 2[(1_ é:l)czil.3 Kl(zl) -

(1_52)0523K1(22) (& _51)a33K1(23)]r,ar,pr,n (& _61)05;K1(23)(r,/3na + rn5aﬂ)

+ 12__‘/‘/(_(1_ 51)0513 Ki(z,) +(@2- 52)0{23 K.(z,)) r,anﬁ} (23)
__ Kih _ _ x

Ty = DL-N2(E, -E) [{51 K, (2,) = &,a,K,(2,) + (S, — &) K, (25)}

L2, n,) HEGTK (2) - £aiK, (2:) + (24)

(& —E)@ZK, (2}, 1, — (& - £)aZKo (2,)n, ]

= _@-va-£)1-4)D
3“ 27xph(&, — &)

K ) - a K @I, n,)

(25)
K (1) 0K @I, + 1K (1) a2, |
-v
_ (1_52)(1_51) alKl(Zl) _ a, Kl(ZZ) _ _
B = 27(E, &) { 1—& 1-¢, {a, K, (z)) azKl(Zz)}} r, (26)

where n, denotes the component of the outward normal vector to the boundary of the plate

Dand r, =r,n,.

3. Method of fundamental solution in Laplace domain

In the MFS, we distribute source points outside the physical domain in order to avoid
the singularities of fundamental solution. By using the principle of superposition for linear
elasticity, Wen [17-18] demonstrated the MFS for Kirchhoff plate resting on an elastic
foundation subjected to static loads. As the superposition principle is still valid in the
transformed domain, the approximate solutions of the displacement (deflection and rotations)
and the resultants of moment and shear force in the Laplace domain at the boundary

collocation point can be expressed as
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W, (P) =W, (P)+ > U, (P,Q)c! (Q)

(27)
N —~
i (P) =B (P)+ > T, (P.Q)c{ (Q) Pel, =123
n=1
where p, _Maﬂ 5 P 3:Qﬁnﬁ, W, (P) and p, (P) present the particular solutions in

governing equation (4), P and Q denote the collocation and the source points shown in
Figure 2 respectively and c; the unknown densities of concentrated forces at source point n.
In general, the number of collocation point on the real boundary N_is different from the
number of source point outside of domain N . The least square method needs to be utilized

to determine all unknown densities if N, > N. In this paper, the case N, = N, is considered
only.

In general, the applied load on the plate surface is a function of coordinate. However,
if uniform and linear distributed loads are considered in the domain, i.e.

q(P,t) =g, (t) + g, ()%, +d, (1), (28)
where q,(t), q,(t) and q,(t) are time dependent functions only, we are able to obtain the
particular solutions in the Laplace domain analytically as

q(P, p) = Go(P) + A, (P)X, + T, (P)x, (29)
where particular solutions of displacement can be obtained from the governing equation (4)
and are given by

W= K, W= KL,
1 = ) 2 = ’
(Ku+ ph?p?)c+ php) plx+ ph?p? ) + php) (30)
W= ph o6+ gy o ® + TOX T, 0,
and the particular solutions for the moment and the shear forces are
M;l = Mfz = M;Z =0
~* K O
Q = mql (l_ e 2 2) (31)
p(c+php)\  &u+ph°p
S xtha, KH
Q, = 1- 2 2
p(c+pohp) | xu+ph®p

-10 -
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Considering the displacement and traction boundary conditions of the plate, we have

following linear algebraic equations:

30, (P.Q)CN Q) =W (P)-W () for PeT,
n=1 (32)

ST, (PQCQ-FF) - fr PeT,

wherev:vi and Ei are specified displacement and traction boundary values in the Laplace

domain respectively, I, and I', present the displacement and the traction boundaries

u

(I'=T, +T,). Thus a set of unknown intensity of point force can be obtained by solving the
linear system in (32) in the Laplace domain for each Laplace parameter p,,k =012..L.

Although the MFS of linear algebraic equation is ill-conditioned, the stable and convergent
solutions can be obtained by selecting a proper gap between collocation and source points.
The accuracy and sensitivity respecting to the gap were examined by Wen et al. in the static
state.

In the Laplace domain, a total number of samples (L+1) in the transformation

space p, are selected. The transformed variables are evaluated for these specified transform

parameters. Then the variables in time domain can be determined by the Laplace inversion
technique. Here, the method proposed by Durbin [24] is adopted. Demonstration of the
Durbin’s Laplace transform inverse method was made by Wen et al. [25] for the elasticity

wave propagations for two-dimensional problems. The formula of inversion is written as

f(t) = 2$'ﬂ {_E F(m)+ i Re{T (7+2kzi /T 2™ }} (33)

where f~(pk)denotes the transformed variable in the Laplace domain, the parameter of the

Laplace transform p, =n+2kzi/T (i =+/—1). The selection of two free parameters n and

T affects the accuracy of inversion slightly.

4. Response of moving point forces on surface of infinite plate

In the modern milling machining technology, high-speed milling processes can
produce more accurate and repeatable results and reduce the costs of assembly and fixture

storage by allowing for several separate components to be combined into a single, monolithic

-11 -
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machined part. Because of high-spindle speeds and high-slide accelerations, maintaining
accuracy in high-speed machining requires the development of more accurate dynamic
models of machines and cutting processes. Therefore, the effect of the impact of load motion
with speed should be taken into account in the numerical modeling. Suppose a concentrated
force P moving from origin (0, 0) to (b, 0) with speed V, shown in Figure 3, the point force

can be described as

q(x,,0) = Po(x, —Vt) 0<x,<b
(34)
q(x,,0) =0 X, <0or x, >b
Applying Laplace transformation over moving load above gives
~ P
q(x1,0)=\7e PV (H(x,)—H(x, b)) (35)

where H(t) denotes Heaviside function. By the principle of superposition, the resultants of

moment and shear force at location (x;, x,) can be written, in an integral form, as

b
M, (X, X;) = _[Tzs (X, —0o,X%, )d(c,0)do
0

62 (X, %,) = j.fe.a (X, —o, Xz)ﬁ(OﬁO)dO“ (36)

in which the components of normal are n, =0,n, =1. Two observation points are selected as
A(10a,a) and B (10a,0.1a), and the length for the moving force b is chosen as 20a , where a
is the unit of length. Poisson's ratio is taken as 0.3, thickness h=0.1a and the two free
parameters 77 =5/t, and T =80t,, where t, =a/c, (unit of time). The total number of
samples in the Laplace domain L=100 and the damping coefficient c=0. Three cases for
different point force speed, i.e. V =0.2c,,0.5¢c, andc,, are investigated respective. Figures 4,
5 and 6 show the variations of moment M,,(t)/P and shear force Q,(t)a/P at two
observation points against the normalised timec,t/a. As the integrals in (36) are regular, the

Gaussian integral scheme is employed directly and the relative error of criterion is selected to
be 10°°. The following conclusions can be found from investigation:
(1) before the arrival of elasticity waves (fast wave), the moment and shear force are zero

as expected;

-12 -
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(2) the maximum values both for the moment and shear force occur about the
time t =10a/V , i.e. when the point force moves to the nearest point of the
observation points;

(3) the maximum values both for the moment and shear force increase with increasing of
moving speed of the point force;

(4) the results for the moment and shear force are smooth against the normalised time for
the lower speed of V and oscillation with high frequency occurs for high speed of V;

(5) the moment and shear force decline to zero after timet > 20a/V , i.e. whilst the point
force disappears.

In addition, the response of a moving concentrated moment (due to the distance between the
middle plane and surface for a tangential cutting force along feeding direction) can be

obtained in the same way. The moment and shear force in the panel are

b
Mo, (%, X;) = J.T21 (%, =17, %, )4 (77,0)d 7
0

. 62 (X1, %) = J.fal(xl —17,%,)q(77,0)d7 (37)

where q(x,,0) =q, = Fo(x, —Vt)h/2, F is the tangential cutting force (in the time domain).

5. Numerical examples
5.1 A simply supported square plate under uniform load

In this example, a simply supported square plate of length a (a, =a,) and thickness h
subjected to a uniform static load g,H (t) as shown in Figure 7 is analysed. The aim of this
example is to demonstrate the accuracy and the stability of the MFS for a moderate thick
plate. Collocation points and source points are distributed uniformly along each edge of the
plate, as shown in Figure 8, where A presents the gap between collocation and source points
and d is the distance between two collocation points. The solutions are convergent in the
region of 2 < A/d <10 . More details for the optimal selections of the gap were discussed in
[13]. In this example, A/d =4. Particular solutions for deflection and rotations under
uniform loads are W, =0, W, =0and W, =q,/ p(c+ ohp) (where g, =q,/p ), and all

particular solutions for the moment and shear forces are zero.

-13-
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Comparison has been made with analytical solution for the Kirchhoff’s plate theory.
The analytical solution with damping has been deduced in Appendix A. Here Poisson’s
ratio v=0.3 and the thickness of plate h/a=0.05, 0.1 respectively. Total number of

collocation point is taken as 84. Two free parameters for the Laplace inversion method

n=>5/t, andT =80t,. The variations of the normalised deflectionw,D/q,a*at the centre of
plate are plotted in Figures 8(a)(b) against the normalised c,t/a . Here two damping

coefficients are considered, i.e. ¢=0 and c=10D/c,ha®. At the beginning of time, the
results by Mindlin’s and Kirchhoff’s plate theories are very close and gradually the gap
between them is getting bigger due to the effects of shear deflection. It has been accepted
that the solutions by the Mindlin’s plate theory is more accurate than that by Kirchhoff’s
theory. In addition, tt has been found that the similar degree of accuracy can be obtained for
the irregular distribution of collocation points. Figures 8(a)(b) show the effect of damping
coefficient on the deflection of the plate. With impact load, the plate starts to oscillate about

the position of static load and the amplitude of oscillation reduces to zero rapidly as expected.

5.2 Rectangular plate with three edges built in and the fourth edge free

In the manufacturing of wing box components, such as ribs and spars, we have many
pockets which are separated by thin walls. Therefore, one typical numerical modelling is a
rectangular plate (a, =a, =a)with three edges built in and the fourth edge free as shown in
Figure 9. In this example, Poisson's ratio v=1/6 and h/a=0.1. The total number of
collocation point is taken as 84 and the number of samples in the Laplace domain L=100.
Three loading cases are analysed in the following:
(1) Uniform load q,H (t) in the domain

In order to illustrate the accuracy of this method, finite element method (ABAQUS,
v6.6-1) is used in this example. Young’s modulus E=10*N/mm? v =1/6 , a=1000mm,

h=100mm, density of material p =4.2857 x10~° kg/mm®, damping coefficient c=0.0857
(Ns/mm) and pressure load g, =1N/mm?. In total 2500 quadratic shell elements are used in

the finite element modelling. To use the method fundamental solution, the particular solution

is the same as that in Example 4.1. The variations of deflection w,(mm) on the middle top

-14 -
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edge and centre of the plate are plotted in Figures 10 and 11 against the time t(s). It is clear
that the frequencies of vibration for these two points are the same and the amplitudes of
oscillation reduce to zero rapidly with damping effect. As can be seen, the results from the
FEM and MFS models are in excellent agreement.
(2) A moving point force

Assume that there is a constant cutting force P moving from the left hand side to right

hand side of the plate (dash line in Figure 7) and the dynamic load q(x;,0) = PS(x, —\t),
—0.4a < x, <0.4a. The particular solution can be selected as the solution in section 4, i.e. a
moving point force in an infinite plane. To illustrate the effect of the moving speed of a
concentrated force, two different velocities of moving force are applied in this example, i.e.
V/c, =0.1 and 0.2 respectively. Three points A(-0.25a, 0.5a), B(0,0.5a) and C(0.25a, 0.5a)
on the top of the plate are observed. The results in Figures 12(a)(b) and 13(a)(b) show the

variations of the normalised deflection w,D/Pa? against the normalised timec,t/a for the

different speeds of moving force. In fact, the maximum deflection of the plate does not
change much for different speed of the moving force. Arrival times of the elasticity wave to
these observing points can be seen clearly from these figures. Due to the damping effect, the
deflection declines to zero rapidly. This behaviour of damping in a plate with three edges
built in and one edge free is very important for the cutting analysis of milling process and it
can be used to determine the tool moving speed on the work piece. In addition, the maximum
deflection can be found, for all cases, on the middle point B as expected. In fact, the cutting
force is not constant and is a function of depth of machining. This depth depends on the
deflection of the cutting point as well (non-linearity). This non linear dynamic phenomenon

is deferred as future work.

6. Conclusions

In this paper, the fundamental solution for the Mindlin plates with damping was
derived in the Laplace transform domain and the method of fundamental solution was
demonstrated. Excellent agreement with analytical solution for a simply supported plate was
achieved. As one of the mesh free techniques, the MFS has the most advantages of the mesh

free method and demonstrates three major features in their computations: simplicity,
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accuracy and efficiency. We can conclude with the following observations: (1) MFS is
suitable for the shear deformable plate for dynamic problems with damping; (2) Constant
cutting force moving on the plate surface can be simulated in the Laplace transform domain;
(3) MFS is excellent for complex boundary constrain condition; (4) Disadvantages of the
MFS are also evident, such as the fundamental solutions must be available for the problem
and the optimized source point distribution needs to be investigated. Finally, the boundary

integral formulations with these fundamental solutions can be derived directly.
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Appendix A
For the Kirchhoff’s plate theory, the governing equation with damping is
ow o*w
DV’V?wW-c—+(Q= Al
o FI=A (A1)

where w denotes the deflection of plate. Considering the boundary condition for a simply

supported plate, the general solution can be written in the series form as

w=Y3 . (t)sin 2 sin 122 (A2)
1

m=1 n=1 a az

where a, and a,are width and height of a rectangular plate. Applying the Laplace transform

to (1) yields
w=>> f_(p)sin M2, gin W22 (A.3)
m=1 n=1 a, a,

And the governing equation (1) gives

o= A (A4)
i M?n? 2
a'l a'2

where q,, are the coefficients for double Fourier transformation to the applied load in the

transform domain and can be obtained by

-16 -



The Fundamental Solution of Mindlin Plates with Damping in the Laplace Domain and its Applications Wen, Adetoro, Xu

2 dx,dx, (A5)

2

~ 4 F%
U =_2J-J. 19
00
For a uniformly distributed load, i.e. q(x,,X,) = q,H (t) thenqg(x,,x,)=q,/p, we have

o = 0% (A6)
pmn 7z

and deflection in the Laplace domain becomes

~ 160, &< . mzax, .
= sin sin (A7)
p772 ;nzz; mn(p - pl)(p pz) Q a,

where

pp=a+pi, p,=a-pi, i=J-1

212 4 2 2)? (A.8)
a:—i, \/45 A A= c;h'e 8:C2h—ﬂ m—2+n—2
2 6D(1-v)’ 6l-v)a  a,
It is easy to obtain the solution of deflection in time domain as following
. Max, . mzx,
16q°0°°smasma( 1 ( )
w(t) = —2 1 2 11+ p,e™ — p,e } (A.9)
7’ ;nzll (mz nz]z U p-p, '
mn| —-+—
al a2
If damping coefficient satisfies
2,/6(L—v)Dz? (m? n?
HE-brTm (A.10)
CZh al a2
we can simplify the solution of deflection by
mzx, . Mzx,
16 sin . Lsin——2= a, (
w(t) = qozz L 1+7(asmﬁt ﬂcos,Bt)} (A.11)

2
m=1 n-1 m? n? L
mn| — +—
a; a,

Otherwise, the deflection can be presented as
. Mmax, . mzax,
sin sin

160, & a a,

0
w(t) = — >
T manl m? n?
mn| —-+—
a

m% ﬂ+ NP 45 B

{1+ T <(/1
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P oy 7%(/17 -4z (A.12)
( piee)]

In addition for concentrated force acting at the point(x,,, X,,) without motion, the analytical

solution for the deflection in time domain can be obtained by

. Max,, . MaX,, . mzax, . Mmzax,
aq _sin R sin R sin R sin R ( o
w(t) =22 3y 1 2 S 2 Ll+—(asinﬂt—ﬂcosﬂt)} (A.13)
m=1 n-1 [mz nzj B
7+7
a’  a;
. 2./6(L—v)Dz* (m? n? .
if c< (L-v)Dz m_2+n_2 and otherwise
C2h al a‘Z
max max
. sin LR gin 2P gin M gy M7 .
dy o a, a, a, a, 2
w(t) =—-~ 1+ <(/1—\/ﬂ —4g)><
't ;Z‘ [mz anz { 2V — 4
7_’_7
a;  a;

o2V (/1 VA2 —ac )e';()’m) >} . (A.14)
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Legends

Figure 1. Sign convention of displacement and internal forces.

Figure 2. (a) Convention of traction on the boundary; (b) collocation (P) and source (Q)
points.

Figure 3. A moving force with speed V in the region x, €[0,b] and observing points A and
B.

Figure 4. Normalized moment M., (t)/ P and shear force Q,(t)a/P at observing points A

and B due to a moving force P with speedV =0.2c, .

Figure 5. Normalized moment M., (t)/P and shear force Q,(t)a/P at observing points A
and B due to a moving force P with speedV =0.5c, .

Figure 6. Normalized moment M., (t)/P and shear force Q,(t)a/P at observing points A
and B due to a moving force P with speedV =c,.

Figure 7. Simply supported square (ax/a;=1) subjected to the uniform pressure load ¢, and
distributions of collocation and source points: (a) geometry; (b) distributions of source and

collocation points.

Figure 8. Normalized moment w,D/q,a* at centre of simply supported plate subjected to a

uniform load q,H (t).

Figure 9. Rectangular plate with three edges built in and one edge free (ai/a,=1) subjected to
a uniform pressure load q,, a concentrated force at the centre of plate and a moving force.

Figure 10. Comparisons of the deflections w, (mm) at points B and O for a plate with three
edges built in and one edge free under uniform load q,H (t) without damping.

Figure 11. Comparisons of the deflections w,; (mm) at points B and O for a plate with three
edges built in and one edge free under uniform load q,H (t) with damping.

Figure 12. Normalized moment w,D/Pa’ at observing points B and D for a plate with three

edges buildt in and one edge free under a concentrated force acting at the centre of

plate PH(t) while the speed of moving force V /c, =0.1: (a) without damping; (b) with

damping ¢ =20D/c,a’h.
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Figure 13. Normalized moment w,D/Pa’ at observing points B and D for a plate with three

edges buildt in and one edge free under a concentrated force acting at the centre of

plate PH(t) while the speed of moving force V /c, =0.2: (a) without damping; (b) with

damping ¢ =20D/c,a’h.
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Figure 1. Sign convention of displacement and internal forces.

(a) X (b)

Figure 2. (a) Convention of traction on the boundary; (b) collocation (P) and
source (Q) points.
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Figure 3. A moving force with speed V in the region x, €[0,b] and observing points A
and B.
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Figure 4. Normalized moment M., (t)/ P and shear force Q,(t)a/P at observing points A and
B due to a moving force P with speedV =0.2c, .
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Figure 5. Normalized moment M., (t)/ P and shear force Q,(t)a/P at observing points A and
B due to a moving force P with speedV =0.5¢, .
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Figure 6. Normalized moment M., (t)/ P and shear force Q,(t)a/P at observing points A and
B due to a moving force P with speedV =c, .
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Figure 7. Simply supported square (ax/a;=1) subjected to the uniform pressure
load g, and distributions of collocation and source points: (a) geometry; (b)
distributions of source and collocation points.

-28-



ws(t)D/gea’

ws(t)D/gpa’

The Fundamental Solution of Mindlin Plates with Damping in the Laplace Domain and its Applications

1.2E-02

Wen, Adetoro, Xu

1.0E-02 A
8.0E-03 -

6.0E-03 -

h=0.05a (Reissner)
h=0.1a (Reissner)

h=0.05a (Kirchoff)
h=0.1a (Kirchhoff)

4.0E-03 \ / \ \
2.0E-03 1 / \ / \ \

| \/ N\ WA
0.0E+00 T d o . T

| without damping
-2.0E-03 — — . — . ——

0 4 8 12 16 20 24 28 32 36 40

c,t/a
1.0E-02
h=0.05a, ¢=10 (Reissner) =------- h=0.05a, ¢=10 (Kirchhoff)
8.0E-03 1 oo h=0.1a, ©=10 (Reissner) h=0.1a, ©=10 (Kirchhoff)
6.0E-03 - \\ A R
3 N e -
AN ol e
4.0E-03 - “. \\-_, /»",: \__'___;,x “\_\_‘_H_::’;:_,’;,H——F ‘:-::_:“'—ha__
2.0E-03 - ~——-—//
0.0E+00 -+ . .
with damping

2.0E-03 ; — ; — ; —

0 4 8 12 16 20 24 28 32 36 40

c,t/a

Figure 8. Normalized moment w,D/q,a* at centre of simply supported plate subjected to a
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Figure 9. Rectangular plate with three edges built in and one edge free (ai/a,=1) subjected to a
uniform pressure load q,, a concentrated force at the centre of plate and a moving force.
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Figure 12. Normalized moment w,D/Pa’ at observing points B and D for a plate with three edges

built in and one edge free under a concentrated force PH(t) acting at the centre of platewhile the

speed of moving force V /¢, =0.1: (a) without damping; (b) with damping ¢ =20D/c,a’h.
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Figure 13. Normalized moment w,D/Pa’ at observing points B and D for a plate with three edges

built in and one edge free under a concentrated force PH(t) acting at the centre of plate while the

speed of moving force V /¢, =0.2: (a) without damping; (b) with damping ¢ =20D/c,a’h.
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